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INTRODUCTION

. . . . .

1. Most ‘itheorieslt are deri;”ed for rather simple idealized
‘~

cases-p and when it comes to applying them to practical _prob-

S lems many irnpor”ta.’ntfact’o”r.smust be enttrely negiect-e,~j’OF
their ef”fects.guesse”d at. In this report- a deliberate. effort
h&.s be,eri:rnadeto include all the,,fa’otor.swhich are cofimonly

*
present, “and which have an important “effemct on the final re-

wit.h a~-hi.gh a degree of .accuracya.a preseat knowledge .&uTt--
of the subj”ect pBrmits-. ,‘- “ . --- ; ~ ,-----..: :

., .._. ,-,.—-:-’r,,.:.- .--,--+--- . ...- -,.. J. 4. --- .. ; .:
2. A’”theory oovering such a wide ryange cannot be expected ‘ -
to be W3di-ced-to: .sim-~leformulas or charts”;. ..xt-~ig ~e%n, how-
ever, T~t”’frisuch foim that anyorie familiar’ with ..talcu.lating
and p’lott”in’-~cari study a. considerable ra”nge.”of.practic.al a-p—
plicationi with “from a few houis to a few nays of .workO That
is, the wor,k involved is somewhat similar- to that required
for solving a statically Indeterminate, structure. Much sim–
pier methods, of course, can be developed, for more limited a- ‘
placations. (see;’for, example, r=fe~ence 1 or 2) arid”these
should be used. w“here they are ap~licahle, - ‘.“’... ——

3 This theory is based on the energy method and involves
a-number of appr.oximatiotis, so”me rather rough, Factors have
been introduced’ to corr.e”ct as ‘much as posiiible for the errors
involved”in the method, and the principal effects of Fhe -
many variables involved have b-een considered .i””na“Yea%mna%ly

.,. .. —
— .—-— . --=_

*chance ~o”ugh”t”Aircraft &d L1-linois–InstS%~’e Of =Chl1010gy6
This paper ‘was pieyare’d ‘as a rep6rt ~~r Y&cd A~r&r-aft Company.

.—-. ..
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rational manner, !he,.,t.heory checks ..~~osely with previous
theories for numerouswidel$ divergent special cases, and
there is good reason to believe that it yin give reaaon+
ably accurate and conservative results in the other cases,
Such experimental checks as are available confirm thts
belief. The thedr~-c-o?tirs ‘many itipbrtant $Tactical cases
for which no other theoretical method is available, and
for’ such ca’ees pd”bsvfnably must serve u~til .more:refin,ed
analyses are developed. Xven the alternative of making
and..t~sting. stihll ptirti”bns of. the strtictnre is:open .to
serious question; as is discussed In paragraph 13.

... ........-, . ...’. ,.” -..... ..”-’

h- In the following, the case of a complete cylinder ie
considered to be a’$$ecial case of a panel. !l?hefew ways
in which a cylinder must be treated differently from a
panel are pointed out in their proper places.

APPLICATION OF THXORY,..
,,.,., ,,

... .
5* ““TIiis 5s a theory of--e-lastic stability and-,--.l~keother
suchtheories, assume~ a construction with no imperfections
of.shape or”elastieity. Two factors, KJ and K9., however,
are pr~sented, which can be applied to.tne results of the
theory and whichapproximately allow for. the limit~tions in
the elasticity and strength of actual materials and the
other imperfections present in actual structures.,..

6. As to e~ge. or boundary conditions, the theor-~ is’first
set, up for the case of hinged Q.r_!simply supportdd!l edgoe.
However, modifications in” the method of applying the theory
are presented which pwrmit.any degree of fixity between
hinged and fixed Condit.idns to ?o& evaluated., and Zts:most
impvrtqn~-effects to be considered.
.. . L—...-----

7;
. .

it seems” to be common practice, proba$ly because of the

..

difficulty of gonsi.dering these subje;ts, to neglect. both the
unfavorable effect of imperfections and the favorable effect
of any-end fikity which may le present. These two ef~ecta
d~ an.j in opposite ‘directions; however, particularly in deal--
ing with curved sheets, it %s not safe to assume that they
cancel each other, as each may vqry over a very wide range 3
and are each functions of entirely different aonditionse It
is recommended that these effects. should be neglected only
when -the product KI by KR is greater than 0.8 and there is *
obviously a considerable degree of. end fixity,present. 7!0 use



,.. . ...—

.

NACA Pechhical Note No. 418. “3 ‘

Y

●

4

#

.

●

the factors.’ KI and .Ka and neglect end fi-xity is in ~~ny ●

cases very much overconservative, andit *S believed that
by far the most reliableresults can be obtained bY con-.
sidering all $,hese f-actors by the methods to be -des-cr%liede,- -.-.-=5 .

8. As ,stated, the theory is a stability o’r‘i-ucki-ing’{heory.
and does not consi@er the rise in resistance which pay occur
in thin flat panels after buckling has oc”cur=ed, owing. to~—.—
pil.iig u- of c.ornpresszve forces near t“he,:~el-a~i~e-~ysSable
edges, or the devslopm~nt of a diagohal fensfdn fiel~–-in
shear:

..- . -.
~.. The theory is developed for the “case of str”e”ss”es which
a;e. constant over the panel,

.,-
and the question will arise as

to how it can be appli~d. to oases where these str&b-s-6”sare=
~ariable. If no more aacurate theory is available, the
following methods. are suggested; .

10* If the stress~s vary only slightly, assume them to
.be constant and of their average magnitude, or of the
magnitude: .=-— -—.

. . -T——

3“Sav + smax
——--- .&. -

-- (l) . . .. ..._
““4 : - .“ .——

!.—

where Sap is the average and Smax is the maximum stress
of edch kind on that panel, (It.is obviously unnecessarily.—
conservative to use ,the maxim~m.:stress; and! as the average
stress might give somewhat unconseivative results in ce”rta~n

-.

cases, the above is suggeq,ted as an arbit.rabyb~~ reasonable
compromise.) -...<

110 When the stresses ‘vary widely, study the case of the
wh~le panel apd of various portions of it, each considered
as a smaller pane’1 with a hinged edge alon~ the _afttficial

. dividing line. Ccnsider each of these -pane~s to bes~u%jecied
to uniform,stresses of the magnitude. give~.by equ.atieg (l).
Then discard all the” cases exc-ept the one which proves to be
most critical. Figure 1 shows the case of a shear Web Of a
beams In figure la Ss and SC are the equivalent uni.f.orm

shear and compressive stresses assumed to be ac~in”g ovet”;he
whole web. Figures lb and ~c ~,imi>~rly show the uniform “
stresses assumed to be acting over portions of the web ,CO=
sidered as separate panelse JudgmEnt”;and experience usually
indicate the: cases which are likely to be critical.

\
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● . 12. h ‘the buckling of curve”~ “’s%”eets”not only “the con- ‘“
dition of restraint at the b6-und”a$ies agaiast lateral and
rotational displacements but “also against dtsplace.ments
in the planeof the sheet must be” considered.

F
In this

.

theory, it is assumed that all linear restraints are’the
same as i.f..eachpSqei were a ‘part of ”a.’large”cylind.er 1
which is divided into m“any dueh pane”ls, the,buckling db
flection bf which has nodes along the dfviding lines.
This corresponds closely to the condition of panels in

t actual stiffened monocoque construction, in which longi-
tudinal and circumferential stiffeners strongly”reeis”t
lateral deflections, but are incapable of interfering
appreciably with displacements txithe plane of the sheet
(because the sheet is obviously-far stiffer in this di–
rectiun than smy stiffener” can ‘be). --

.

‘13’. This kind of restraint is U3 the same as that exist-
ing when separate panels are loaded in grooves .in testing
ma.chinesa Hence the results of t-ests of this kind will
not necessarily check with ‘this theor”y, and a question
should be raised concerning the common pr”actice of apply–
ing such results to the panels of stiffened monocoque con-.
struct~on. All this is quit= as”ide from the question of

t

the lateral and rotational edge restraints usually prh
vialed in such tests, It might be staked in this connec-
tion that the conditions in a flflat endtf test are inde-

*

terminate, but in most case$, probably; $uch closer to fixed
end than to hinge-d end conditiofis,,-and hence unconservative
for use in most applzcat.ion”s. Preferable methods of test–
ing are discussed in”the appendix (parag~aph 136).

14-, The question of the boundajy restirq~nt”in the -plane of
the sheet is unimportant in the buckling of flat panels but
It is probably important. ~,hough,usually -neglect ed, in con-
nectirianwith the ’ult_im9te st~~h..of thin flat panels, as

- ~largedeflectionl’ range,the ptmels ar~.then in the

EVALUATIO; ~~ TEE “ELASTIC PROP”iliTIES-‘OF THX SHEET.

150 In applying the tiheory it IS necessary to ff~st calc~
lnte certain dimensionless quantities describing the elastic n

properties of the sheet.” For plywood. sheets, we first sat
down the followihg properties of the WOOL alone. These can
be obtained “from reference 1, pages 13, 14, and 18. The ●

symbols 3L* ‘LT, arid so forth, are as use-cl in this rcferenc~?
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16. E = EL is the compression modulu_s”, in the direc-
tion of the grain, of the face-ply mater ialc This may be
taken as about 10 percent-greater than the.va=+ues of hend–
ing modulus given in reference 1, page 140 Shear strains’

. . are pr-o%ably nearly as important in the buc-kling of “jlywood
sheets as in the standard wood—bending test-”’’””Hoti”ever,a
little ~ncrease” ov’er the” bending value_ is justified bec-
ause of the decrease” in thickness and co-n-se”quent-in”crease
in density which usually takes place in the molding of
plywood,”” and because-th~” co-rnpresiion rnodulqs of wood~” which
is dominant in a stability problem, is probably- ~omewhat

1 larger than ‘the tensile or bending modulus. Since an allow–
ante has been made for scatter in the values given in this
reference, the results of using them in this theory will
evidently also be cor-re–cted to some extent for scattera

B= PTI for ‘rotary cut veneer
-.

,..“’=~RL f’o~”~uarter sliced veneer . ‘.- ~,.

,,.
. .. . . = .(ER~EL) l“~r quarter sliced

E = E/(1-.M~/ej ‘“ -“”

.— -:____

_ (.2)----------—--
. . ,- .~ , ..- ...

‘g= ‘L+ = (1 - ‘for- roiarj” cut “- –1.L2/ej.(G~T/EL’)-” . ---:
.-.

- w?je) (GzR/EL) for quarteti slice~’‘GLR/c ‘“(1 ,, ,,:.,;.. .. .,., ~ :“~~- _.
,. -T-

170 The fdilotiing constan~~ dep’e~.t-o=~lioth=th~-qat”erial.
and’ distribution o’f plies.” --~or”,standar~~plywood chavjng

.——

plies laid” symmetrically about the mfd.plane and at”r-i~ht
angles to each other) and. if. all plies are- uf the “iame”-
material:.

-——

A= (l-tl+ta -t3+,0)+e(t1:<Lt2 +“t=-e,)
.,.a. -

n 3= e (1 - tl + ‘ta - t~ + ..) + (t:,l,_– ts += ts ;.7)
(31)

c= (l.- .tl?”+’tia3*&’%3”’3“+ ...) -1-”‘e (t13 - t23 +..t33.tin})
u b. .,.,

~ s e (+–t13 -j.ta3ti_.t33 +=_. )+”(~=””~j_””t2s
.—

3++tz...
.

.-
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A. and B ~ere...pToport.i:o’nalto the ext.e.nai~~al””-~tiffnessee,
.

*

and C.and D. ~o:.the. Qe-nding: st.i:f.f.n.esses...~ ,hhe.sheet in
the, ,d,ii.e.c-t~i.on”“of,..,$h?.face.,g,rai.n.and. -the .perpen.dicalar
direci ip”n,,~espec:tivel.yt Obviously A.+ B“=CY+’D = 1 + e *

fOr this,,’.ca.9e.The numbers tl’,’ ta, and” so fo’rth, ar’e
the .rat.i,gs., - t,o: “~h”e “j.qts~ide it hi ckne S.S.%, of” the. thick–
lzbss..wi.~4,the, ,ou.>er.plies remo,veflj,then with...the nex%-
p,lies,.Te.w”ov$..a# .ati.d.so forth, as .$h.figur.e-20” . .:--

... ...,:.,. .. ... ... . ... ...
113. .“’Yor’~standard ~lyw~od: havi~~f.pliei~~f.. different .woons:
an .aver”age.v+lue for the.,,different mater ial~ _can be used
for “y, e, g, and ‘H without serious errors and

., ..

%~%o+..lA=[(l-. tl)+ (ta - t3)Ee3/E+ ;.l+e [(tl --

B=e [(l- tl)+ (t=-ta)Ea3/E+ ..j+-[(tl--t2)X1a /E+ ●-]
(3=)

c= [(l-tl 3)+(t23.-t3 3)1323/E+. ..j+e [(t13=ta3)E12/E +..]

, ,,

where E= ~ is ~he value”of ~ for the” rnaterlal Of “the
t pair of plies lying between ,,ta and t3, and so forth.

19* If materials having widely different values of M, e,
and so forth, are combined, or if the plies are s.ymmbtrical
about the middle plane of the plywood but not at right angles

# to each atmher, calculah values of,. M ... Y, D1 .:-,~6, (equ”a-
tion 4) for each. pair of.piies such as’ t-he -pair between ti “
and ‘Js des’ign~ting them by Mij .:. . ~i-J, D~ij .** ~si~.
In-doing this, take’,A = C = 1, 3’= D = k, usc values of
e, v, g, and H corresponding t.Q the material of tha ply,
and take 9 as thn angle between the grain of that ply and
side b of ,the panel, as in figures 3.%, ‘b. Then for _the
w“hole”‘plyw.ood ..-

.,. .: .._ . . . .. . .--: —----------- ..—.
.,. . .,.

the “summation being taken over all the pair-i of “~lies and ‘ u
..

the core ply-

.
,
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20. If the plies are not symmetrical and not;,.~tright
angles, proceed as for the last case, studying each ~
separately and. treating,:it. as if i! and its mirror image
in the middle plane of the plywood formed a pa~r o-f plies
like the previous one,. Then, :t,o correct. for-having Eon-
sidered the images, ~h”ich’do not””reali~-eiist, the final

21. For a sheet of isotro ic material of mod lus EL
Poissonrs ratio W, %Z&krieZs-:C~ Y’”tlie-a=o e eon~taiits
become —- .—,.

e =A=B.=,C=D=l;C = E/(l– Mz); g = (1- P)/2, H=2(3s)

22. ‘170rapplying the theory to the generai case of any
kind of a sheet, see the appendix, pa~agraph. ~.~. .. . -.

23. All the quantities of equations (2) and .(3) are ‘in-
dependent of the orientation of” the sheet in %fie panel. !l?he
following constants.,depend also on the angle 9 .Of the prin–
cipal elastic axis of the sheet (the outer ply grain direc-
tion for standard plywood) with the shorter side of the panel
3 (figs..3a, b}. These constants arej ,however, indeperiaent

-.

of the dimensions and loading of the ps~ell . ,

24a All the constants needed for the most general case are
given below;. but, only .ahout halt of theq ~r~ .xequired for
the average problems In equation (5) the quantities in
bracesare zero for t@e cQmmo~cases, Q~”.i~Qfiropic Eheets,
all OO’and 9d0 plywood panels$ and all “balancedR 45° ply-
wood panels. They may always be neglected if X and Y
are less than 0.020 The quantities ~l,wr-; &——— ——.—— are” use~”.—
onl~ in case A problems, and the Quntities 21”””= “ 2: ~r_ ~=-—— —
~~ = case B p~bi~~~. ‘AIl~he quantit~es except .—— ——
?i%~ine extens~.opa} properties ..o>fihp s-h”qe~~“wliIch a-re ~equired
only when there is curv-ature. ~he c.quantities ,~~”.~~-~G d%-. -..— - _
fine flexural properties,- which are rqquired for flat sheets

r-,

as well as for curved, - —— .-— —

— ——.-
,.

...

*

.’

.
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“’*
M=4 [ASinq e + B COS4 e + Hsinz 0 COSa e]

N——.4.[3 sin4 g + A COS4 8 + II SIn2 G COS2 e] m

P=4. “[(A + B- H) Si112 Q COS2 e “+ V]
,

Q=4 [(A + B- H) sins 9 COS2 B + g]

..X= 2 sin 6 CO S-9 [2A COS? e-2B SiJ12 6+ H (sin2 6–cosa O)o -

Ys2 sin 0 cos -f3[2A sin2 8-2B Cosz 9-H (sin= 6 - Cosa e)~

D1 zY&~2 [c Sj.n
4

e,+ D COS 40+ Hsin a e C062 03 (4)

D2=D3= 0m82 [D SiZ14 6+ C COS 4 0 +- E sin? e cosa 91 ●

D4= 0-82 [6 (C + D- H) sin2 o COS2 13+13]

D5 = 0.82 sin 9 cos El [2C COSR F3-2D Sins 13+ iI (sin= 9-cosa 8)]

De = 0.82 sin.9 cos 9 ~2C sin2 S-2D Cosa 9-E (6in2 G-co6af3]] ~

These expressions simplify a great deal for particular values
of e. l?or 9 = 0°

?

f
M = 4B;

—
~N= 4A; P = 4p; Q= 4g; x = Y= o

(4.0)
Dl = .O.82D; Da = D3 A 0082C; Da = 0,82H; r~ = De = O

. .

Tor 0 = 90°-.

M =-@; N=43; P=4U; Q=4g; X =Y=O
(4900)

D1 = 0C82C; D2 = D3 = 0082D; DA””=”OS82E; D5 c De = O

For f3= & o

x= y= A-- B; Q. A+ B-2~ ,
(4450)

,4
Dl = D2 = Ilz = 0,206 (C+ D+ H); Da = 1*23 [C* I.1)-0*41E

D5 =DG- 0.41 (c- D)
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:“,.,, . !,:, . . . .. ?. -”.-
0

,~or an” isotropic sheet ,“. ‘ ‘ “:4 -- “– - - -
...

.
\

., ..“

M N= 4;-,P=4P; <Q= = 2(1 - w) ;..?.,=y ~ .Q.,..,, ;(4.-: ~,.. /. .2.,.

:D2 =“
iso

D1’= D3’ *.~.0,82;”D~. =,1.65; D* = Dfi = .0

\ —— . .. . . ~:s_—
.

. r’
25e The VgL~UeS. of MF .N, PY Q, X, and ‘~ thys rOuna are ‘!?:~n

I used to compute whichever” of ,the following quantities are
ne~ded in the ..prqh~em.”be.ing stud ted:.

..
;. -.-, t-

,... “::+...- ---- -=-, -----,,. .. -----“..

.{),

.,.’- . ..-’.. -,.... .-.:--........ . .,.;j’s “;,”;=_::”

.$ }

.p~O
Ai = MQ?. _ Qy2 ;.A2 k.P2Q - NY “-; A3 “= ~M.~$”- . _

.. L. :. . ;“.: .-?. -.:

{

.,-i...”-”- “..._.,.. . .-. . ...+.*-

“MQX “=”@ ;,+5 = ,’FX? ~ “)”””

-..
A4 ‘= – ~xz; ji6 =.“iq?-.,hiqi ‘ ‘ .....

.,, -.,.””,..,’

B A=; Ba =,+@ .-,‘=
1 { 1.

.~P.z+ NQa .+ 4NXY, -. 4PX 2 ~. QX2 ;
.\ ::__ _:_”=. ‘ ,_-,,’ ,,--—

. ... ..

{.}

,,..: ..... .
,!B3 =N2Q-. NX2 :., , .,.’.-: (5)...,. - .,.“..,. . ...! ..’ ----

.,.-,.. . ..-. , ~.+=+L -p- ““-,-... ...: , .,.—--——-, -....-,., .. m.. .,

“ i :.:.~.: * : ---~:”-“-’.’’a’”’a 3
.,...,--..:—-...“’--.—-=NW7;‘1’?l?xi.N,,Y:“ X3”; ?s ‘=”.hNX -“ ‘- P2X + NQY

‘fB4 ‘,’, ... ., . .. ,“??..:..;.-:.+,=7 .==- .L .,., “,. ..”

c:
: } .,

= MQ; C2= (P + Q)2 + 4XY ; C3=-NQ; C4 = MN- Fa-2p~
L ,, ,...-.

Qx i iY’; c“~:= -x?; g~
.-1”

.-

{

.,. ,-

c~ =-” = NY- 2PX-QX; C8 =“MX” ~Q~ ‘—-,, ..”
L ,.

.-

CALCJULATION OF STABILITY STRESSES1 HINGFID EDGES’—

. .. . ,.. -.. a.-.-... . . . . .--.

26 b After calculating the ptieviotis sheet properties, which
can then be used for panels of any dimensions and curvature,
the sta%ility stresses are analyzed. To reduce confusion,
four types of problems are c’on”si,~eredi ease A, for unstif+
ened cylinders or panels with the longer sides 5 curved ;
ease B, for unstiffene,d panels wi.t.h,jz,he Shorter sides 9 -

.,

curved; and c’ases Al-and ~11.if;or,:.si~,i,la~sti-ffen-ed cyl~nders
,* and pane”lso , For all th~g.~-c~ses j“~”-,.’j~”-”~~”j,,””~<= -;: .:~-_~y “. ‘- .-.,:-., 4-

,, .. ... ....,,. .s .-.,,s,.. -. T---. ?.. . ....

* KiKa Sa; F~ =’ IIIK=S~; F6 = KLK2SS _ (6)Fa. = , . .. . .. .,- -.
.,.’ .’
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s~, S~, and 6s theoretical compressive strsEB6s in tho
directions of a and b,-’”r“esp;ctlvely,
and the shear stress which will cause
instability under ideal contitione.

., ...

l!’a] % , and Ys corresponding stressbs which can be ex-
pected ,tocatis~ failure. in”practical
construction ,

27 ● ~uant~ty ~~-,“(f,i.gg6””).4all’otisfof””.t%blirni~~.dstrtingth
of the’ ziwteri.al and “ot:her“i.mpeTfe.Etions in. flat sheets- IrI
this figure ‘theor Sta-b is the theoretical ~bebility

Gtrass .Sa, s~, or s8i Smat strength ‘is ,tho corraepond-

ing strength’ of the. ma”t~$’al under these t~pes and directions
of stress, that iS~ ‘-–the crushing strength, in the a dir>- *
tion, the~.:c~ushin”gstr.ength; in the :-b.-direction;, ‘and the
shearing strength tn the a or b directioa. ,

-,

a

. . ,..
.28. In some “ctise%,“a composite” rnater”ial is””itivolved, l’or
example, a sheet with stif-feners in the a directions For
this’,case, there are twk val.ue:sof .Sa, one for the sheet k

and one for the stiffener (as discussed later). In such
cases the value of K= for all the materials ehculd ba.
determined.and, the l,ow+st va~ used with all of them-

—.
SOl:c?

*

data on the cru’shi’ng ahd’ sheak St’rangth Qf-fiain woods and.
plywood panels are given in reference .1 (pp. 14, 30, 38, and
41.).. .,-,. ,. ., ,-’, .

29;. Quantity K2 (fig. ‘7) allows for the add$t~onal ei%ect
of imperfections: fn -cuived sheetm~ “Int his” figure a and
t are the length of the curved side and thickness of the
panel, while tl is a rough ~effective thickgess~ for stiff-
ened c“onktruction, to be used”ii ~’tudying buckl”ing across
stiffeners. The values of m and n used are the crltdcal
Valuss, corresponding to the final values of $a, Sh, or SS, -
as. discussed in the following: . .-

. .
. .

. . .

.
CASE A ,-

30. ~,or.uns~iffened cylinders, ‘and the buckling bet~ween
stiffeners of panels with th~~r longer sides a .curved
(or with equal sides). Tor this case, shown in figure 5.s,
the stability condition is

‘2 [-’ (%-> “4-‘“4“a)SaSa + ghsb” + S8Ss = S ~

,
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* y,h.ere,. .~ \,.. ..: . .:-..:--,.=-~ .– ~.– .,.-<’:.--;.%=...:-... ....’ ..-. .-, ,m~- ‘“
,,.,

.-’ - ., ,-..“-.: .“-. “- ‘t’”2’:,:’”’ :ab: .. r--

. .
. .- 0~-f.l=. ~ _ ( ->.

......
“., .

* cL=”- = ~ for cylinder, (8)’ ~
-a’-” .“”2mrt

I= n~-‘,.~=.’i‘“- j,-.~+=.’-.-:.-. “T .,_:_., -..... f~r ,cy’llnd,er.s,and ,:s ,giv.qgby f“ig~u=re~~ fo-r--~ ‘.
panel,s”,” X .. b;e-iAqg,a,,c.qarrec,t,ioH. fa.cltior51 l_ow”i_ngfor the
fact .t;hat,.at the- ‘~a~ne.l-,end“s m ,the nad=8_sm’u-st r e“al-l+y--
be ,yd~rtic’al”(iq~”tea& ‘“ofincl~ned-.,j

../””
a,~,“g-hQ.wn“i-ii.fhe figu>

,and as ‘“as,&ume:d..~d ~~e.v,eloj”i.n.~j-.$he,~heo~iy”), !l?h~e,~ \,s,
——

A c ts,,,and, ,Dlk” ar”e,’”t,h.e,~hee’t”firop.e:rti~e-s..ir-~vious_lydy
.,

fi.nedm” .Th@ ‘-’s.16’,”~,“als:icls, and d“(s’ are” functiiitis (fig-”
9“, ,,0r ap> e$:dji,x,“par,.114) ,0$”S .1- ~,- . ..=__

-. —
.. . -— ___“-_:,:. . . ..--.-. . ---:++:,----

,.. ,,‘, ,,. . -.,

., :..-.
,.

.B.= g ..L<_ ,,_,_ +.. , . ..-..7 L?!.. . ._:..’:..-:. ,;
.“- .~

,, .’. ,. : .-; -+-.= ----+=- .. -, ;
1

. — .—-- “——

(which obviously represents ‘the ratio between the half -wave
lengths of the ~uckles in the b and a directions) and
of,, Y:,””the. tangGn&’ of’ the an~les made”.%~~”%lie =Ii.ng wakes” ,

_..

3 wit”h the sides b (fig. 3a). The Srs, a~6, and so f.o”rfh”,
can be found for any value of s and Y from figure 9 at”

) the: en+. 0$.;t~.;s;repbrt, the use of which ‘i@ explained in
1! > figfire 8 and in the example givqli”Iafei. $ps,rs 67j,

.. .......-.: .........-.-. . ...-.,. ..__..-.; ...-. -. >~ .--.:..f .--,---.;7 :
31;. Fo~.flat panels, the radius ‘ r .is.’ififinft~ an-d”-h“tice ““ ““-
.CL= :Oi .-The. right-hand side of ~equation (*a) then reduces to

..—,
320 Either the ratios between stresses Sa, Sb, and Ss,

o“r all but ““tineof theni,,will be. kfiown; in ‘any case—the
magnittide”of “one ..of them_”Ss the desire d.”tiknown-~.-,Every—

——

tht~g’~~s~ involved ii equht~6n:”~7”a) ‘will be””known” exb~p~ -
for the.:.ah’gle’of the W&ve-s, defined b~ Y,; and the:num%er “-

——

of .’half-wave”s in t“he‘“a Land .h “directions m and no
Tlie&entist’”-%e”determined to make “theunkn&wn-” s-%-ability stress
:a”.jmtai”~~m~~“.~The‘usual me.thod. of doing this ig””to’ set the de-
riva~irek of this stress with Zespect to Y, m, and n
equa~””t’o.iero an”d use””these r’&lations to eliminate Y, m, and
n fqem s-~uation (7a)c -.

. .
33. :Ho”w.ev&r , “’wh& a60 ~o”~p~e”~-a r’el.a~~~~-,is ~nv~l~e”d’_~~~
proves. to._be, irnpractical~. The only way in which,,~h-eL-pro–
blem &an be’ solved, th’er~forej seems to be” to. try various
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values of Y, m, and n in equation (7a) until the values
which make the stability stress a minimumhave been found~
This is laborious but ,by syq~tematizing the work,, as will
be demofistrated,’ it is’ qutite practicable

34* In most prob,lems Y varias between 0,75 qnd, -O.75,
and .it,is”sufficient to consider the values 0, +0.25,
+0*5”0, afi’dAO.7,5 ,(adding +1 for extreme cases, euc’h as
whe+,combinations of– shear and tension are pres’ept) as
in ‘figU5~ 9C.. Tor,qach value of m and n, therefore, ,
these four” v@Iue-s of “Y would be tried (the plus and minus “
val”ues cqn b,e, dealt with togeth~r in most of the work) and .
the smallest of the values of st.ros”sfound would be selected;
or, more accurately, the stress W“ould be plotted against Y
and the low point of the curve used.

35. !J!henumber’s m and n can be only whole numbers. In
the case of panels, they can have any value except zero -
that is.

El= 1, 2, 3 “,8.*! n F 1, 2,, 3, ..9 (10 ~panel
..

t

.’

. .

Combinat-ions of m - and Q, such”as 1, 2; 1, 1; 2, 1; and
so fort-h, therefore would be tried, using larger and larger - m
values as “long as ttie resulting stress decreases, but stow
ping as sooh..hs it starts to .i”ncrease. In the case of
small. panels, it is usually foun?i that the combination 1,
1 gives values smaller than 1, 2 or 2, 1; ft iS then un-. .
necessary to go -any further, the values of 1, 1 betng ac-
cepted as the, answer.

,,

360 In the case o~very large panels, the cr.ftfcal va~~es
of m and n nay be fairly large and so It might take
a Long time to reach them by studying every combination.
In some cases the approximate..!.number of waves will bo
known by previou~ qxperienceo Rough approximations also
might” be used to determine the approximate number — for
instance, it can be shown that m and n will usually be

‘ .1.,X O.la
of t-he sa;e g~neral order of–magnitude as 4 ~ — and

1 .rrt
*Z 0.1-0

J
Hoyever,

Da /=’ , .,
the following method “will generally be

.

●

found as ,&i~p~e and quick ae any: the dots in figure 4a
..

.
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“

.

,

.

.

.,

represent various combinations of m and n. Now in
order to be sure that any combination gives a minimum
stress, the next combination in all possible directions
must give a higher value of .stresso Thus in figure 4b
any of the encircled combinations would be crii~cal if”-”
the dotted o’nes adjacent to It all give higher stresses
than it does. If two such combinations are found, as
sometimes occubrs, both, of” course~ must be evaluated and
and the lower stress chosena

37. To locaie suoh critical combinations, start with the
combination at the origin (1,1) and try combinations along
both the m and n axes, continuing along each axis as
long as t~e resulting stress decreases, but stoppi-n-g du~
as soon as it starts to increase- The low point thus
found will usually be a critical point, but to check this, ‘-”
proceed from this low po%nt at right ‘angles to the axis
until the stress again starts to rise. At the ~ow p“oint
thus. reached, branch off again at right angles un$i~a
~boxed inn pOints such as in figure 4b, is finally reachedm
This process might be likened to the flow of a river in
rolling country -, it flows along any downward path which
it meets until it arrives at a depression without any out–
let, where it forlns a lake, corresponding to O“iir-“c~itica~
point.

--.-r-,“ — —

38- In an extreme case this ”piocess’ might involve the in–
.-

vestigation, successively as indicated by the arrows, of
.—

the combinations shown by dots in figure 4c; this results
in the location of the two encircled critical combin-ations, -
one of which will produce the lowest stress of any possible
oombinationc In the case of very large panels it may pay to
skip some of the points -, say by. paking about equal ste s

?)along the logarithmic scal~-dy fig-u~e 4, ‘from (1,1) to- 2, 1
to (4, 1) to (8, 1) to (16, l),”and so forth,– until. the I,OW
point has been approxim~.tely located. Practical problems
will probably never require as complicated a se”arc”has that
shown in figure 4c, ho~t”problbms wiI.1 require- in+bs-ii”ga-tion
of’ from 3 to 10 combinations, each taking a half hour or less
of time: to determine all critical combinations of compres-
sion and shear for a given panel,

.,.

39, In the case of “a complete cylinder, if a is taken as
the circumference (a = 2mr), the number m must be even,
and can be zero- ?hat is,; for this case... ..

m= O, 2, 4, ei.:; -n’= 1, 2, 3,..
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For the case when m = O (whtch represents buckling into
a symmetrical shape like a sylphon %ellows), the following
simple solutfon can be used:

If

m= o:sa=s$=~

/7
—..

b2
/~

n=-— 3. s
at ‘C3D2

Then if

(aaA3
2

n<l,
)

*D‘b=s–-—+ba,2C%

while if

ill)

-/–––

r

Tor o-ther values of m the same procedfire as for panels
nust be used, trying vari~us combinations of m and n
such as 2, 2; 2, 1; 4$ 1; and so forth, as previously dis-
cussed,

K

.

. ...

.

,

CASE B

40. For buck~in~ bet~~~~iffeners of man>ls with the ir
shorte~ sides b...-—.— curved$- 170r this case figure 3b should—- —.—
be followed. Otherwise the onl~ chanpe from the procedure
described for case A is that ~1, &,,.. ~~~~z... –

-— -—-
————— — —— — — ——
must be s bstituted for &, &2. .-ti-=Q

F
gl, Eaaut>--- Equa-—-—

tion ~a , therefore ~=hanges to

CASES Af AND B!

1+ZD~di (7b)

.

w
41. For buckling across stiff~gers:- It=.is.ti$cessaip to coasid....-——— —— -—-—-
er not only the possibility of buckling ‘of the. panels between



“NACA Technical Note Na. 918 “15

stiffeners, but also thepossibil}ty of %uckles occurring ‘
\

across %oth longitudinal and circum~~riintial stiffeners
This ie most likely to occur under & compress~ve stress
in the direction of the stiffeners? but it can also occur
under any type of stress, and is frequently. the condition
determining the design of the stiffener.

42. The treatment of these proble~e ~S the saiie as for
cases A and B with the following exceptioris: For buckling
across stiffeners which run in the direction of sides ~:
Instead of studying various combinations of m = 1, 2, 3,T=~
with n = 1, 2. 3,,iT~tak~e n=l and: study combinations
of m = 1, 2, 3,M--r with b = a~!, Sbl, 4.bl~:.;,
b! being the spacing of the stiffeners- Zhkn take
and substitute

(
~alAal

)l+——— SB
Eatb I

for Sa
)
and add

to the previoue expression for
. .

.$
— .

(“ )

.
,.

h~2/Paa “ TT2EatAalpa2
“1 + -—

EalAal
-.

1 “+
~ts~l

--
Eat~a

to thQ previous expression”for ‘“%)
,-

m=Ga~Jal

ct%t

to the previous expression for D4~ -. .,____._....-
. .

h = 1,-7

.
-—.

—

(12)

.—

—

43. For t,he case of simple stiffeners (made of one material)
El is the compressive modulus of elasticity of the stiff-
e;er material in the direction of its length. Tor wood, it
may be taken about 5 percent greater than the bending modulus- -
given in reference 1 (p, 14) since the modulus of wood in
compression is probably higher than i’tiTension or bending,
as previousl~ mentioned. ..,. _ .---...— ,.

..= —-
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8
44* The effective compressive modulus of the panel in
the direction .of side a- is’-’~ai Ilethbds of.do~ermining
it are discussed later in this section. .

45 ~ The c-rosa sectiohai area O* the %ti’ffener al-one is
Aa f$,while ha is the distance- f;r”omthe” cent6r of gravity
of the stiffener alone to the middle..~s”utftic:eof the panel;
pa. is the radius of gyration. of the. stiffener atine about
it”s centroidal axis parallel t.a the panel; Wa is thtiotal
‘Ieffectivs ”width”llof panel which ca-n.be .consid.ered to act
wit% the st%ffener in. bending (uot tQ he confused wit~- other
kinds of ef-fectitiewidths.), and may be. taken as .

Wa= bf

or

.s!4‘a
mM* ‘

..

whichever is the smaller.- .
● ~

46, The torsional stiffness of the stiffener combined with
any portion of the sheet which may form with the stiffener
a tubular section is denoted with “Ga!Jai; it can be com- V
puted by standard methods of mechahics, for example, see
refer~nce 4, part I (p. 2’70) and part II (p, 27’9).

4’7. Built-up stiffeners, ‘made of more. than ono mate~ial, can
first-be convert- to equivalent simple pt~ffeners, or if
preferred the quantities Ea!Aa!, EafAalpa<-, and Ga!Jal
can be taken as the tmtal longitudinal, bending and torsional
stLtfneks&s of the complete stiffener,

48. Zor buckling aaross “stiffeners whzch run in the Zirec-.
tion of sides b’

..
T.ak.Q:.-ml= z and study comhinatione of...-_—- - !

nti 1, 2$ 3,... with a-= 2a~, 3al, 4al,,.. -where al ia
the spacin~ of these .stiffene.rs, Also take A = 1: and
substitute 3 -. . . . . -----
—— —-_ ~——. - —-
*The val”ue of M given by e~uation (4) should be usei~ with-
out the added term of equat--ion (12), .

●

‘,
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( )E~lAbl
1 +“-— s~

Ebtal

far s~ and add

4~bIJib1
——

ctat

to the previous expression for N

to the previous expression for De

17

—.

----
. .

‘-(i3 )

to the previous expression for DA
.

where: .

Wb = al,
.- -.

or “(13’) *

Wti=s
n N*

whichever is the smaller.

and the other quantities have similar definitions to those
mentioned above, merely intercha-ngin’g a and b-

* 49 ● To study the possibility of tubkles cF6ssing both the
longitudinal and transverse stiffeners combine the above
changes. That is, take m = n = 1 ant s%udy.om%Ina’tions

● “% = 2~~ ~Tj ~bl$~

~~d ~a=e2~~~ ~~~’s$~~~~~ti~~~hof e~ti$tions (12) and (13)
(adding b~~ terms to D4),

— .- —.

.-— —— ——..—-—.———
~Use N without the added term of equation (13)*

.-
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!50. The values of Sa and: .Sb obtained by this method
are, as before, the stresstis-in tha sheet when buckling
occurs. T!ke corresponding..s.t”resses in the stiffeners,
designated by Sa t and Sbl, of course would be, re-
spectively, Ea~/Ea and flbt/Xb times.as great.

51, Valws of Ea an& IIt for 0° and 90° plywood are
given. in reference 1 (pe”41)o heterfals like 45° plywood
are very sensitive to the amount of restraint against
laterahexpansion or contraction (say to stiffeners running
in the lateral direction)- hethods for calculating the
effective moduli of plywood under various conditions are
given in reference 1* It can be shown that for ordinary
450 plywoods, ass”iinifig’t-hatthe lateral stiffeners have
the same effect &s if their area were unlj?ormly distrf-
but ed . ,

Ea
+C

=— —... (14)

I/g + Q/AB.- —
(l/g - Q/A13)~

4Etal
l/g + Q/AB + –—-

with the same fo’rmula for EbI excep”t that a .tid ‘b ar e
interchanged (in the last sub-fraction)-

52. In all the foregoing c~,lculations the same rules must
be followed as for cases A and B, that is, the ~ymbols a
and b are to be used so that a>b, and figure 3a and
equ,ation (7a) are to be followed when a ,ia the curved
side, while figure 3% and Gquation (7b) are to

7
e followed

when b is the curved side.

CONSIDERATION OF EDGE FIXITY b
.

53. !Che most important ‘effects of edge fixity algmg the----
sides a can be .considere”d b~”.simply ‘rnu~.t~PIYing Da by

{

-1

.

..:

#

.
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!

Aa is a measure of the fixity of the sides a- and. has
a value of zero for hinged edges and infig.ity for fi~ed
,edges, which would give values of- Aa of 1 and (1+1/n)21
respectively- ~or intermediate fixltf.es,: the approximate
formulas of equation (15a) can he used. ,

,, .. . ..—,—

54. In these expressions Gah Ja ‘t is tie torsional stiff-
ness of the stiffener or other member”to” which the-piuieI “-
is attached along each side a. A“ measur”e 01 ==Y-ilis+ri-
buted elastic resistance to rotation which may be present
along each side a is denoted.by Ka , m,ehsured as the
elastic resisting moment per ka.dian~ o< rotation., per “unit
length of the edgec Such a distributed elastic resistance
might be produced, for instance, by closely spaced wing
rib members ”running befween the edge$ .,a “.ag,d.the.othe_r
face of the wing; for such a case Ka c-o–uldbe ,taken as
three times the bending’ stiffness of each cross member.,
divided by their length and by their spacing.

. . ... --— -
55* ‘The value of Aa ig$ven by equation (15a) is for the .
case when each. edge member separatwss and is,.attached .to .
two similar and similarly loaded” pane”ls; if “the”rnemb-e> is
~~ache”d to” On-ly one” pane-l, ‘then t-~ic–eth,e abo,~e-”valu”e “.“
should be used, ~-the two edges a “of the panel have
d.iffer.eat fixiti’es, “t”hen A2 lnay.be” taken as the average
of its values gor each of the two ~.dgps, .

,; ..,* .-..,. ..-,“----------
56.

*—..
6inilarly, to considek thaedge f-ix_lty.along side b,,

multiply Dl by .. .

The various quantities involved have similar clefinitions
to those of equation (15a), m~rely--ih”te’rchang~iig 1 aqd “2,
a and b, ““and m aid n., . . .. . -*’T--- -*.-

.,. ,-— -----

-.

—

.

57. To consider edge fixities along b-ok-hs$des --a._andx b,
—~——_ .

combine the above ohanges. — .

F
. . . . .

SPECIAL CASE 03’ COMPRESSIVE LOADING O~LSYMlitiTRICAL STRUOTURZS
.—

. . ---- ... . +--+-.... ... ..,:.= =-:
● 58. The foregoing ”methods ~irnplify’..a“grea$,deal..~hen=~~~li~”d

to certain speci~l cases,. ~fe of the’ .most. COrnnOq Of such ,. , -’



20 NACA !Pechnical Note No. 918

.

cases” is that “’ofcomprossl.ve loadin~ of cyllnd,ers OF
*

panels having a principal elastic axisinth e~flirocti_on
of the compression, for example,

..—
Oo or 900 plywood with

or without longitudinal and circumferential stiffeners, .

59* For this case Y = O from symmetry, ayid hence
A 1, and cases A and B become identical except for
di~ferences in symbols- Using the symbols of case A
(fig, 3a) , hut now without any limitation that a must
be greater than h$ it is found (from equation (Yal)
by dropping the term 0c03~4131, which is not required and
has negligible effect in this case) that:

-... . . .

[

2

s~=s-
A3 a 2nrtm~—.- + (DIBa+Da/S2i-~

2TTr ~2+C3/~2+C4 *rtm2 ~- ‘W
a

60. If the conditions for minimizing the buckling stress
are set up: namely, bSb/b$z = asb/bm2 = O, they can be
solved in this case, and the following c-an be obrtained ae .
the values which m, nj and ~“ would have if ‘.m “and ?
did not have to be integers: .-

The buckling. .s_trqss Sb can then be obtained from equation
(16) by taking m and n as..the integers (such as. given ..
in equations (10) pars. 35,and 39) which are nearest to
the values of– m!, n~
P

given by equation (17), and taking ““
= bm/anC .

EXAMPLE
4“

61. The foregoing description of the method of applflag
this theory doubtless gives an impression of great cnm- .,

●

plexity, a good deal Of which is ascribable to the effort

I
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.

to keep it.as general aspossi~le. Td clarify the method
and show that it is practical to apply, a typical problem
Involving a medium sized plywood panel is comp-let61y worked
out in the followings Figure 10 shows the details of the”
constructi~zi. Usigg:qquationq (2)(:par* 16) and reference 1
(PP. 14 and la) it is found for quarter sliced mahogany that,. .—_

.-, ,,,

.3!= 1.10 X 1,260,000 y 1,390,000 lb/sq in.

IJ = 0.~24; e .= -0.078; l.– ~a/e = 0.99 “
[2] “

c = 1,390,000/0.99= 1,400,000; g=. o.99x 0.049*= 0.049

E= 2 X 0,02~-4 X 0.Q49.= 0.243
.

62. The quantity 1 – Vti/e varies -from about 0.99 for
soft woods to about 0e97 for hard woods, and hence might
tie taken as unity for wo~den coqstruc~ion~ The numbrl.cal
calculations involved in applying _th$s theory are not

-c~itic~l; and since:the data will seld-orn~e known %Q closer -
* than a few percent, slide rule accuracy, with no more than

three significant figures retained, is.all that is required
or. justified in these calculations- .-

.—..d . ~=.. .... .,. — —

From equations (3); - “ ‘-” ‘--” – ‘- ““-““-”” -

A=(l-. 0.646 ; 0.156) + 0:078 (0.646- d.156) = 0.548

B s-();o+8”~i- 0s646 + 0,~56) + (0.646- 0.156~”= 0.530

=(i~

[3]

c 0.6463’+ 0~i56s)+ 0@78r0.6’4%a-T 0.1563)= 0.756

D = 0,078 (Ii 0,646ti+’”Qe15&i)+ (006463- 0.1563)= 0.322 ‘

BUCKLING BETWEEN STIFFENERS

63.I For bucklin~:of.the panel between stiffeners, since
the curved side’is the shorter:, case 3, as shown in
-— —, .—

. ~This v~lue” of G~R/EZ given in reference 1 (p, 18) is
‘used here. for, consistency. It should be rnent~oned, “however,’
that there i$ evidence that it should really be 20 to 30

x perceni, high~ra This would” considerably change some of, the
following. computatipnso . . , ‘- ., “.~ ~:~4“



fi@re; :106:.:179:US6dc ;Siuc!e G = 45 °.. e.quat-ion? “(.$450) .:
,“(par.:~2:) :czinbq.:tis,ed ..’ ~ .,. :’ ., ..:. -: ~ ;.

::. ....-., ...’- “.. .’ .- ...
‘J..::.“;. . .. ..,.

“.. .A___ . . .-------- .-. —. -- .-” ““-:
.. ..

,- .”. ., — -—. .-= -.- .. ..
,,

.. .
~{”sl ~= 1’:”078’.+ 6,,243 ~L;32>X’= Y ;0’. ; ‘~.

,,, .. .... . . .. . .,.. -.:. --
P=”””

..

“;,0’78- 0,243 + 4 X 0,024 = 0,q3 “
.“

a

‘ , rim” eQuEitio.zxs””(5.) :.(par,25) , .“.“-
,. -, -. . .

,. ,-. ------ .,--:”.”—
3~ ‘= (.1*32,2.2 ‘~,9.3”;),1, 0~’= 0,”9.0.‘-,”:;:;“” .. , , ,

,,,
B2:=’’”(1,32C <“-0,,932’:+~.032.) ‘~o:32’~”;~56; “B3”=”

,,

. 1032 QX1003
., . .

=.1..?9.:’ , ““; “..”..”‘“ .“ [51
.

:-;c:=c~ = 1.32 X 1.’03 = 1:36; C== (0.93 +l.03}a =3.84-
. ..’

C4 = 1.322 – 0a~32 – 2 x 0,43 x Z* b3 ‘=”””4ikr34--: .‘-T--.,-’ .,-.,*i.:>..””-..‘.:. .-.-;”.-.::.,. ....... . ,.- ~’”,-r. .----
. ,, .-. ●

I
.=. —:

.

,-—

From equ~tion s,(8) .(par. 30) and figure 10e,,“ .., .“’ ,....
,. Q = 14.;-b =. 1,2; b,/a = 0m~6; r = 30; t = 0.19

.,
. . . . , . . ,. ..”” “

14-X 12
CL = —-— -- --- =.,..J4.;7.. ....,... ~-

2R3C? x O,li
. .. . ..:

.

.“64;: ‘,””%dge-fli.xity and. the oorre.ctio~ ,factors. K1. and Ea
nedci“na.t‘neces.gar-il.yb,e..con.’si,der.ed in a ,problern such as
t’hiw-,butiwill.. be here”.f.or.completene s~”.ahd...$”g,.illUstrat@
t.htiir,e%$e c:t.. ‘~Co.nstd.arin,gequat:iOJIS (l~a, b.)-(,p~rs.53 and

.

59) a“tid.i’heac”co~pan~ing Qi. s.qus”q:iqq,., SIIIC~ there are no
Crbis .mem.b#rs-in.;.~bis.co’nst:.r.uction K.a = :k”b.= ‘.0, The Bhear
stiff ness.:of Douglas -f:i,~, ‘$rom ~ference ‘1 (p~. 14~nd 18) #

is approximately 0006 X 1,7(30,,000= l&2, O~p,otiqds per squaro
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inch$ while that of 1/16 ’45° plywood .will be nearly the
same as for’ the. pimel” bki~, which iS .Qi/4 = 1-03 X
1400000/4 =-35..32,,009pound spe: s~uare inch, :PProx~rnatelY,

,-”

65. Then, from .reference:4’”[pto I, -P* 270) the torsfonal
stiffness of each .lon~it-udin”al stiffener Is “ .

!, “.. -. ..... —‘.- :..
...

Ga !1Ja It =[lLt/e=.~bc3G~ = 0.229X,0.875X 0.4383 X 102,000 =
,..,. ;. -

1710 lb ‘i112‘ ,.. . . ._”(Aj.-

(the notation in the brackets is that of the reference).
From reference 4 (pt. 11,, p. 27,9) that of the circumfer-
ential stiffeners is

●

..

= 58,”000 ib “in= .._..
. .-. ..,.

and from equpt~ons (15a”,~b) ,—
., . .,.

! . .

“2~;: x.~~~(j Xlz”rn
-.

.’ 2
Aa = --——.- -- -.——- = “0.402

0-2’73X 14000(30 x“ 0.193 ‘x;l~~n n

/
IT2 X 57600 X 14 na

Ab = .—.---—.r-———__~<_ =-21.2 5
0e2’73x 1400000 X 0,1~3 X,122m m

.
f6s The solution o“f the stabi”lit’y.equation (7b>

— —

. ..-. .———
-----

—— ..—----& —

5161

--

. . .

(par. 40)
is most conveniently carried. out, ~n ~he tabu~ar. form cf
table I, and to save time as much” as possible of the table
is filled-in at ohe time.. Each column of the table repre~. .,
sents a solution of the equation for”_one combination. .of

and Y*.
m,

n, The- quantities -in the different rows are de–
fined at the left’of the table”$ so th”at the table is nearlyu
self—explacatorym However, discussion of some points is
advisable- .!
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The ch~,rt~r~of fi.~ur; 9 (tsee back-cover pocket) can
t

67. ;
be us:e&n’6t. ogly”to obtain .the a ~S.8 bra., SIS, .&lid SO
forth, but--owing to their logarithmic scale, products
s:u,cha,s A a B3b3, ,’”andso forth, and quotients such

+.

as lls+u/s**L u&lf/~b, all@ .S.CJ forth, are -obtainod dl~
rectly from them. Proper use of these charts gre~tly
facilitates the work, and contributes more than anything
else: to make this met,hod usqble,

.

6.8. A sliding scale must first be constructed, by simply I
cutting out the paper scale at the right of figure 9, nnd
cementing to it a piece of heavy cardboard (such as used
to back up Nads .of paper). as shown by the dotted lines ‘on
the s’c”aleand by figu~e. 8a.

..

69. As indicated, the scale must be cut” &ccurntely along
the line 2P, and the wide of the cardboard opposite PP
must bo straight and. parallel to Pi’. The hole in tho
card%oard indicated in the figure helps to grip it for
slidin~ it, ae shown i“n figure 8bU Anon-aqueous cement,
such. as rubber cemtint or the common llwatorproofl~ cements
should %6 u&cd,- or else only the corners of the scale
cemented, so as not to distort the scale, ‘.

700 Next , s~read figure 9 on a flat surface and edjust
the” scale on it so that one of the vertical axes of figure
a say the one farthest to the left, i$ at the desired val-
i: of $, at both the t“op and bottom of the scales Now ,
holding the scale firmly in th%s position with the left
hand, place a triangle against the right side of the scale
and a weight on top of itl as shown in figure t3a. The
scale can now’be moved up and down’ as desired, ,&nd will
bo properly set for this value of B for all the charts
having the same vertical axis,

,“,.
71. Niiw to find a ~ or. ba, ,“for example, ”sli~e the
scale until the hor~z.otial axis of the corietiporidi.ngchart
is opposite 1 on the ecalec Then read the values of al
or b~. aq the,,scala (at the interB.ectioq with. the deqired
Y ‘curve)as Sho,wn i,n ~igtirq 81, It-is _a.:go.od!deato
check a“ f,ew re&ildfri&.~t,thi.s p.oi.nt,.using the :re~ation

ak =
“ba.?f’@~y~o”&n ,ac.curacy’,,ofiwithina few percent. is ~

a 1 that can” be “-e’xpo”~tedwith ,such”paper .s.cala-~j-but- as
exyl?i’n?-$’~,ef.o~r~~t>.is.%s .su$ficie.nt for the. p~rposea It
‘is us”ele”sk‘~,otry ~~:o:,re,adthe scale closer than to two
“or thrab ‘si~n.~fl.c.apt;-,fig”ur”es,“that is,
percent’e- ..... . .

to within 1 or 2....... . .!

.
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* 72. Products such as .Alal are obtained in exactly
“ the same. way, except that instead of setting the hori-

zontal,,axis of the. chart at the point 1 on the soale,
it is set at the value of”. Al-“ on the scalq, The scale
readings at’ the intersections with the curves are then
the corresponding values of ALal, as shown in figure 8c,

# All. values bf V are taken care of’at’one setting,,...,. . ..

73. In this m’anner, the rows Blbl, Bzb2~ ‘B3b3, G2CQ,
(AI Dl)dz of the table a~e filled in before mov’ing the
-sliding scale .to another .vertical”axi~. the S&ale Is “
similarly adjusted on the secori~ vertical axis t~-obta~n
(AaDa)d2, 1.36(c= + C3) and 0j178 (ds+ dG), and on the
third to obtain D3&3 (th6se fighres are good for ti]l”-y~lUes
of B). Finally, “it; is moved to the last axis, and C*C4
and D4d4 are taken care of. .

. .

74. After completirig the’various interme~~ate operations
in the table, which are clearly indicated, the values ~+.
and & are obtained,

.
representing the r~ght hani side,

of” eQuation ‘7b for posiiiv6 and negatiye .Val.ug.s?f ~,
respectively. The last ,five rows of-the table, which
represent various stress combinations causing-buckling,
can”thbn be filled in with the last setting o: the scaler
on the fourth axie~ ““This involtieg”divis,ion, wlii.chis
carried out as before, except that_tli~ rdlee of the hori-
zontal axis-of the chart And its Y curties are inter–
changed- For example, to obtain s+/ss ““the value of s+
is set at the deeired Y curve on the chart and the
quotient ‘s+/ss = SS Is read at” the hor~~’ofi”tal’a’xis, ad
shown in figu-re 8dG -..—

II
.

‘Ordinarily tha positive shear (in’ the direction in- ‘
,’

75.
di.cated in figs. 3a, b) required to-buckle the panel is
obtained from S+, and the shear in the ne.ga,tive or op-
posit,e direction required tooprodtice” buckling would be
found from S-, !l?hereverse. ls””trfie in the p,re”sent prob-
lem because the direction of ‘the shear in ‘figure 10e is
opposite to the standard direction.” The critic~l compres-
sion iS always obtained from ~ o$ s-, ‘ ~“~ichev~r is
the smaller; !. r-,.-,. ,.

::

76. ‘;Having filled in “the.tab.le for ‘eadh-c-ombination of-
m and n,’ the smallest val~es of the stre~~’ses in each of
the last five rows are encircled; as shown, and the encir–
cled, as shown,” and “the encircled ~al~es are “plott{d as
shown in figure ha, A smooth: curve” drawri”””throtighthe~e .

— ,.,“.,



26 NACA Technical No&e No. 918 >, \

five points then gives a graph showing all combhnxtions .
r

of con.pressivo and shear stresses which can produ-ce buckles “
ofithe shape sp~cifiod by this combination of m and n
“(~ini~i~~d.as far as the angle Y is cone.ernod). .

77. Such graphs are drawn for each conikination of m snd
n and further combinations are invest~ted as long as any
part of the new graphs come inside those already drawn,—.—
stopping aS so’on..aS all parts of the--new graph come out-
side those alre”ady drawn- This is in accordance with the

prewious d-iscuss’ion (~aro 37) but %Y comparing such graphs
inst-ead of individual stresses, the mtnirnum values of all
combinations of stress which will produce buckling~~eim=~—
taneously obtained. In the present case, this procedure *
results in figure llb, and, the minimum stress combinat~ons
are evidently given by the irregular heavy line, consisting
of part of the 3; 1 graph and part of the 2’,“1 graph;

7’8, It might be well to go back now to get a’lJ.ttle more
accurate values for the critical stress combinations shown
circled in figure Ilb, by Rlotting the stresses against the
different valueg of Y and selecting the”lowest point of
the resulting curye, inste-ad of meraly picking the smallest

r

. of the”stress”es found for any ofthe . YIs 5nvestigatede
Such a pl~t is shown in figure llc, for the point doubly

‘“encircled in figure Ilbt ...This is qn unqecess.&ry refine- .

ment for ‘most practical “.caseso .-.

79. The stress combinations causing ‘~uckling un”der per-
&act conditions having been fouqd, tha factors Kl and
K2 will be applied to determine thepractical buckling
stress combinations. (See figs. 6 and ‘7;) The material
strength of plywood such as this, in directions 450 to
the grain (which must be known tb detwrrnine El), i.s not
very well established. However, the follo’wihg values,
estimated from various sources, should not be greatly in
error, and will serve at any rate to illustrate tho mathod;
shear, 3400; compression 2300; and combination ~f equnl
shear and compression, 2000 pounds per squaro inch aacha
The determination and application of ICl and’ Kz and
the final results for buckling of the panel between stiff-
eners, are summarized. in tabLe 11. l~Good construction’{ is
assumed; this category is intended to include all aircraft
construction, The values of ‘pract stab, the stress com-
binations which are likely to produce buckling betwe’en
stiffeners ,in Practical construction, are also plot tied and
connected with a dotted line in figure llb.
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- 80b The ah$li’ty of the panel to suypor% more- shear st”ress
in one ~favorable~* direction than in the other, evidenced
by the lac”k of ‘symrnetr”yabout t“h%”ho~fzontal “axis of- ~he-
curves Qf figure ,11, is due to its greater begd.i~g stiff-
ness in the direction of the face g~ain than in the perpen—
dicular direction- .To eliminate this unsymmetrical behav-
ior, it is necessary that C = D*

81. It is of interest that both the condition ~’= D aid
the condition A = B (which insures a balanced plywood
as far as extensional s,trength and stiffness is concerned)
can be satisfied hy two unknowns, such as tl and. t=-” in
a five—ply ylywoodm Using equation 3 (yar, 17) in these ,

‘-, conditions it is found that tl = 0-81 and ta = 0a31.m
That is, both extensibn~l and be-ridingbalance is obtained
in a five-ply plywood having 9,5 perceiit of its thickness
in the outer plies, 25 percent in the interme-diate pliesl
and 31 percent in the core, It can be shown that such a
plywood would have about the same properties as the theor-
etical plywood having an infinite number of infi.n!~esimal
plies laid alternately at right angles to each o“ther.

.

BUCKLING ACROSS-STIF~ENERS

\
82. Owing to $he depth of, the c$~curnferent~al ..st$ffeners,
or bulkheads, there is no danger of buckling across theq,
but the possibility of buckling. acros~.the smal>e~ ~ongi-
tudinal stiffeners must be considered- “~~nce the curved
side of the flpaneln for such buckling would be two or.
more times 12. inches, and hence longer than the i.~ltich
straight side, as shown-in figure 10f, the case At must
be usede The meanings of a and ~ _are-~3e~e&~ed from
what they were before, a now being in the cirb,udferen+l ‘.-
tial direction and b in the longitudinal, as shown,.-

.
83m The stiffeners across which buckling may occur run ,
in the direction b; hence equations (13) and (131) _
(par. 48) and -the discussions accompanyin~ them”are
used- Then

—
,. . . .

——___ .——.. —— ,---
*Standar’d 45° plywoods
in shear
diagonal

when ~he face.—
compresstont.” .
—.

have t~,e niaximu.m buck~i.ng strength
“grai~ is in the direction <of _tAhe= ,

r...-. :—-i+-

.,
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..Iq =.. l:’ti;)=,1,’”’2;;:C:;”-’;I. = ii: 61-= 14; r-’:-~o; t“= ,.9:~9.... ..! :,.. ... .. . .. ..;.:...” -“.—-— ‘:L

= 2 k“12, “3 X “’12;:;-”=”a. “24,36jc c1-b ““<””-1~-{”’~/~’=14/a
“.

s = 1,400,000 (o; id/a)-2= 50000/a2 (e~u;tlo~ (8),par. 30)
,,.-,., .“:.’:-

14 a ‘.
~=- -—-- -=..()*395a.. ... . ,. :,-.+,. ::.-

..
. . . .

..
..’

.,.,., ,;:.. > -y -“’. . ,..” “.-.. .. ‘; . . . . . . . ...’.. . .

~ti”i~at“<:(~@fi”.,~~,$@; 000)(2X 0.438; O~?.0) ~’li 06”0,00’0lb,.*. ” . . .-. ....
.,, .-...,‘,., . — -.’ . -. ~7,.,>.-,,’~ -rOu”ghly

., ...’.
“~~b!~~ ‘:’=;{3:0;’% l,TQO, 00”0)(O.875 X 0,43i~.= 683.;.000”lb”

.. .. .. . . . :., .-
,“.:“

.. j: . . ... .. .. .. ...

. . . .. . .,.=, ,.,, .. .
. ..’ :- . . .

------- . . . ..,. “4 x“ 140”0000 ““ ““ : .’:““’
E~ =’- : >-=’ ;,;. —— -—

,..,
(20.4 .-...3.~5) “20e4 + 3.55 - _—

... . 4 X.1400000 x o,19 x 14
... .:-2’0;.4+ 3.55 +.~.—- . .~+—

lo~oooo

. ,, ,,.,:!. -; : ~,. ,+ . . . ..:. - -, .v’ ‘. . . ,..!.? z-- ..,,, .... ... .“.

=:.3~,000. lb/in; z( equation (“14) par. ii). ” “:””.“.. .
-,. .. ,.‘.- .:.,., ,-. -,. ,:. ... . ...-.

(J lf~ !1 = 5$; 600 lb i~. ?(6quati”on (B) p~r. “6s) ‘ ‘; ‘“.’7
,-.

a a“: .: .,
.,: ...- ,.. . .: .-T .-....:
G~’~Jb~;= Gb” Jbll =. 1“710 lb in. z(cQUa~iOn(A) p~~. 65).. -----. .. . ..---:-”---- — —. —

..

Pb, =“;6:a75/dZ”=.
0*25 i ““

hb,,=..(.Oe875 + O*lq)/2 =, .0.53 in.2
,,. .‘.

1.03 14wb. --&_— ~ .Jo.~
(eduation (13t’)(p~r, “48)- ~this ie a.lwnye

1.32 n n less than al) ,,

tl =t+. p%= O.1~ + 0.25 = (3.44 j.n,(see fig. 7))
. ,-

84. Frofi””~i~kre‘-l~f““‘~he.”angle of {~e”-~~~~ ~ra~ri yit~’the
‘d’~n Btea~” of- 45”0;-side b $“-’iS’:’rio~”_45 . .

The Qrily $~fect .,of
this is to change the sign of x, Y; ‘Dg, and...DG In c3qu&
tion (4) or (4Q5a)(par. 24). The changes specified in

{

equation (13 (par. 48) mus~ also be made,
(4) and (13

From equations
it is seen that

I

#m

.’

-1

,

E..

—

.



.

( 683000

),

.——

1+ ———.—. S~= 1.8’7 St is” substituted for ‘$fb,and
342000x 0,19 x 12 ,.. . —.“

i..,,- .,—..>,-

“N =
4 X 683000

lm32 + - —— -- = 1.3”2,.+ 0,-87 :“ ~j~~ __
1400000 x 0.14,x 12

—..,. -,-—
—.-. ————— ——.

..-. ., .,
. .

““(
(’0.53/0.25)2 ma. 683600X 0.25a

D2 = 0.2’73 + 1 + —— :“ ——----

.)

.—. -—

,“ 683000 n
l+—-

1400000 x 0.193 x 12——-
342000X 0.19 X 10.9 .

/

(
4,4

)

,

= 0=2’73 + 1 + –——— 3.7=’ S2,D5 q67 forn=l$ 2,. ,
1+0.97 n ‘-: ,

.F-’.. —

R’
DA =

1710
1,23 + ———- — = 1.23 + 0-15 = 1,38

1400000 x 0.193 x. 12

M= 1,32; P= 0.93; Q= ls 03; X=Y= O

Dl”= DS = 0.273; D5 = De = –0.178 (equation ~4], par. 63) ‘

The large increase in Da is to be expected, as this
represents the greatly increased average bending stiff-
ness in th”e direction of the stiffeners

From equations (5) (part 25) 4

Ax = 1-32 X l_ 03a = lm40; Aa = 0.932%1-03 = 0.89
.. .

A.= = (1.32 X 2.09 - Q.932) 1.03 = 1.95
E5] -

CL = 1.36; Ca = 3.83 as be fbre; C3= 2*09x1,03=2015,

C4= 1.32x 2.09 – 0.F132 –2X 0.93 x 1.03 =0

Prom equation (15a) (par, 53) and the above values.
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TT2 57600 x ,14 “.
Aa =

_8~0.......- _-
D2 1400000 X 0,193 n aa n a2”D2’””’

[15]

85. With the- fo,regoing, values, table 111 can .rea;ily be
filled in, in th”e same way as table 1, The results are
plotted to determine the minimum theoretical stresses
in figure 12 in the same way as figure 11. Finally, the
correct~ou factors Xl and K2 are calculated, and the
results &ur both buckling be-n and across stiffener~
are summarized In table. IV, anti by the dotted linee in
figur”e 12.

Structures Department,
Chance Vought Aircraft,

Stratford,. Cohn,.

.

,

..:

L.

.

.
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APPEND IX
‘.. -—

.. .- . . .. -—- -=-- -—. —., ..-. ,. :. ..-. . ..- . ..-.
r,

fiEVELOPMENT oF THEoRY ,.. . ~

86. The theory of curved ‘&lie*lIs’”is’much more complex
than that of flat sheets”.and many m’inor quantities must
be neglected to make it usable. .The quantities considered ““
in this theory are the s,ame,as arq,useti i.n ~eferepc~ 6, in
‘studying the “torsional stability of isotropic cylinders.

87. E’igure 13a shows the notation used ftir case ~. Axes

X8. and xb are in the middle surface of the. %..eet.in .,.-
the direction ‘ef side’s ‘ a

..4..-4.- .,-..
a;d “b. A~es Xa and T$

are also in the middle surface and in the direction of
the face grain and the perpendicular direction, respec-
tively (or in the direction of the principal elastic axes
of the sheet). The displacement of any point in the
middle surface in these directions is designated by U,
with corresponding subscripts, and the displacement normal
to the sheet (radially outward) by” w:,

.-A —

b 88. Quantities Ca, EP, and caP are the direct and shear-

ing unit strain’s, and ,Ku, K~, Ku@ the curvatures and

angle of twist in the ~d and @ directions, while fa,

ffls fafl and mm, me, ma~ are<to represent corresponding
internal forces, and ‘rnom”e”htsper unit le~g~sgction_~n

...-— .—

the face plies of a plywood kh’eet (figa 2).. Other nota-
tion fs a; used befo~e~ (See Notation at beginning of this
reportj)

.’

89. Then, from Hooke!s

. ,. .—

law, (assumin~ rotary cut piles)

.

. . .,
s-CLfl=

(l-tL)t GLT
. . ,_. . .

Similarly, using elementary plate theory

.-

(18)

?.

. .
-...—. J--

,. .-. . .
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.

12

(
l% -

)
pTL g ;

(

\
%= ‘——

12 !!!LpLT ku ;
‘~= (&t13)t3 E!!!(1.-t13)t3 EL . l!!~

-.———.—-
E~

K-a$ = --Q!S@—_—__
(L-t13)t3GL~ (1s1)

From the reciprocal theorem and experiments. it can be.
assumed that

VLT~T = WTLEL, Or ~LT

Trom plate theory the intGrnal
plies is

J“J(1: ‘‘faca‘face -plies = ~ -’ ..

= LLTLEL/ET= w/e (19)

strain energy in the face

.
+ 2ma$ “Ka$ )dxadx~

.

.

.

(20)
. .-

By using equation (1S) and values of fa..., ma. ,, fo”un&
by solving equations (1P) and (181), in equation (20)

.g
Yface plies z.Jf[(1-tL)(~a2 +ecp2+2~c~c’p”+gapa).. .

a (20$)
-1-& (G-.tls )( Kaa+ eK@a + 2wKaKp + 4gKaB~)

1
dxadx P

----
By making similar calculations of the strai~.eriergy in the
other plies, and adding, the total internal strain energy

,

of the sheet .i& found to be

‘“ :J.r [o’; “i:+ 2Mca’~ + g’.:) ~ -

*2 (21)

~~ “~z + D~P2
+———— + 2~KaKp +- 4g ~apa) 1

b
dxadxp

J

,
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where A, B,? C, .D will..be” found to have the values given
in equation (31) or .(32), and s.0”forth, (pars. 17 and 18)
for the kinds and ,arrangements of plies dbscrfbed, ‘

90. By “s~milar reasoqing ‘it c~n be shown that equation
(21), and subsequent equations developed from itlfapPIY
to the most general case of any kind of sheet$
e = t 1;= sat Sb?.., ~aeo . -represent forces per unit
length of section in~te.ad of stresses, and”

1,2 Da 12 %, ,;c =— —-—- ; D=——

(Hapfvpd’.)r: _ (L-w:pihpaotz

Vf = w~~fc; #. =.* .. —
,... ----”””<t . . . ..

(34)

.- —
-.—

●

Quantities ~a, BP and Bmp are the extensional :tiff-

nesses of the sheet in”its princ\paJ..e~ast ic directions,
and the shear Qtiff’nesk”.(t’he forces per,unit l-engih “of-
section required “to produce unit strains) ; M@ and ‘$a
are, res~ectively, the ratio of the strain in the s .@i-
rection to strain ,in the a ‘dinection under a force in
the a direction, and vice versa. Similarly, Da, D$ ,
and ‘a~ are the bending sti=ffne.sses o_f .ty_~_icalnarrow
strips-of the sheet: in the prthcipa’1 directions, a“nd the
torsional stiffness of a wide s,,ection of the sheet (moments
per unit length of section required to produce unit curv> ..
ture or twist); Wa$ ‘ and MB: r are the ratio of’ the

—
.-

curvature in the ~ direction to the curvature in the m
direction pro~uced by a moment” in the a“- di-rection” and
vice versa; w-l and are to be used instead of w
and g -in the second ~~ne of equation (21)$ and HI = 2N 1
+~,4g~ ip.s.t~ad of .H= 2P + 4g for ca.lculati.ng DL:.O D-g
in equat-ion (4),0 ““ .- —.

,,, ..
,.-

91. Before ekpresqidn {21) ~can be iptggr~ted:or c~m>ined
with other energies, ~the “extensiorial ‘and flexural strains

.,
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..,. ..

must tie converted to strains in t,h.e,di:rectimun,df the”
.

p~el ..si.des.a and b’. ‘1’rom,figure,13b’,’thd :“followi”ng
relation” abvi’ouply extsts between.”.the “c’oordinateg an”d’
tlie’d“~splac.ememts;.in the a,b

.
‘and in the a, P direc-

tion: ..
.,, . .. . ,.-” .’

. ..-<
,., ,. —

,..’ (22)

.,.
az. Differentiating the~e equations with respect to Xa
and ‘$

b~a ?)x~ ax~ bXb ‘.— = sin 6;-—= COS’9; — =,-COS e; — = sin 0 (23)
bxa ., axa . ‘ axp ‘ hip

—

Prom the theory of partial derivatives

Substituting values of’ 3Xa/ 3xfJ... and ~ua/~xao ., from .
equations (23) and (24) ihto equation (25), and solving tho
resulting four equations for b~/ bxa, hup,~bx$ and
(bua/bX~ + aup/axm) it is found that b

,



.ical Note Nom 918NACA. Techn 35

sin2 0 + *2 e

%

sin e cos

sin ecos

)

bu~ sin- —.
axa

0

e

ec

co +

+“asin e + ,2
s (26

0s 8

—

Sina
...

+.

93. The cur
tions is, fr

va

om
ture
the

of the
theory

she
of

et in
conic

the.’”a
sections
,.,

$ “dire;”
,

1—=
ra

sin2 8.-— ;
r

COS2 e
r ( 27)

Then from the theory of.shells and us
the ~xtensional and shear st~ai-ns in
directions, in terms of the di”splacem

ing equation
the-- a,b and
,ents,’ are

.,

27),
a, $

w
-;
r

w
—

‘r~

(?)Ua
——
axb
..‘.
..-

(28)

,,

‘-(29)

+

..
-1-

e+’ +

)q
axa

2 w—
r.

sin e e+ Cos

The las

fact th
figure
mension
Hence,

t term in the express~.on for..fa~ comes

at the dimension da of an ,el.ement .SUC
13c undergoes a unit strain w/r, while

db is unaffected by w and the curva
unless e = 0° or:.9Cl”the-two diagonals.-.. . . . .

from “t~e

h as in
the di-

.tures
undergo

.

4

-.
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.
different strains owing to the curvatilre; this can easil?
be shown to result in the shear strain given. ““

94* Substituting values of ~ua/bxa, .. and ?)ua/bxG...
from e~uation~ (28) and (29) into equation (26) the re-
lation between extensional strains in the a,b and cL,13
directions is obtained:

I

●

95, To obtain a similar relation for. the flexural strains,
the theory of par’ti-al derivatives gives the relafilans . .

Prom shell theory the curvature and unit twists in the
a, b and a, P directions a“re

—-

. .

.

b

\
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By use of these expressions_ for b%jhxaa.. ● and equa-

tion (23) in equation (31) ’the relations between the
flexural strains in the a,b and a,$ directions are
obtained, ......— ---- --

.
‘CL= % ‘ln2 8 +- I$b Cosa (3+ 2 Kab siu 13 obs”e

r,!

‘$
= ~b sin 2e+l$a Cos ‘e - 2 ~ab sin 9. cOs,e

(34)

K ~b (sin2 EJ- Uosa e) + (~b - ~a) sine coseIt
a@ =

96. Now substituting equations (30) and (34) into the
strain energy expression (21), the follbwing is o%tained

1t
ZF+ay~~~ab+% Dl Kaa + D2Kba+ D7KaKb+ (D4-D7)Kah*

lTL

+ 2D5KbKab ~ 2DG~afiab
)“

dxadxb (35)

..’..-

.

●

.

J

where M,N..Cl Dl, Da._o, have the valyesgiven in equation
(4) (par, 24) and D7 is a similar expression which can—
eels, out later- Since only a uniform rotation of axei is
involved the elemental area dxadxb can be substituted
directly for dxadx~ ●

97. From shell theory the external loads, represented by
the stresses Sa: Sb, and Ss on the edges of the sheetr
do the work

(36)



The work dome “by the pres’sure ~:Sat/r “(ffg”.’3a), “if this
.

is present’ ( t~ere .wo”uldbe such ~“ p~es$ur”e ~+fian applb.
cation such as a submarine hull, for exa”mple), will

.? practically cancel if there are many waves in a panel,
.

. or many connected panels as in semimonocoque construc-
tion; it is the accompanying tangential ,cosupression,
Sa which is important for. buckling: ‘..‘ “- ,:+ “-- “

98, In studying the case of buckling across stiffeners
it is ,ass.used for simplicity .thattheir eff%at is tho

.——- —

sqme as if their bending, extensiona~ and torsional
stiffness were uniformly distributed ,over the sheet. It
can .bq.shown th’at, for the g’inusoidal” deformation assumed,
this gives no error when the slope of the waves”, Y is
zero, and only a small error for the angles involved in
ordinary yr,oblems, Consider. ,first the case of stiffeners
running i“nthe. a, direction. The extra strain energy ~
“of–-tixtehsion, bendihg an’d t’orsion owing to the presence
of the stiffeners ie

.,,
where ‘ Ial is the moment of inertia, about their combined .

center of gravity, of the stiffener and effective width
of—sheet acting with it in bending, minus the moment of
inertia of the effective width alone. The ene”rgy,aseo~
ciated with the latte”r has already been considered in
equation (35), and by omitting it h.~..e, equation (37)
represents only energy additional to equation, (yq)

. ..

99* In figure 24, taking moments about the” center of “
gravity of–the combination

..

EatAat ‘~ = Ea t Wa (ha_ ~) (38)
.

,
then

.
Eal~a! = ~a t wa (ha - ~)~”+ ~afAal”(~2.. +pa2) (~~)

●

Eliminating 6 between equations (38) and (39)

n



;NACA Technical .Note Noc” $“18 39 -

.

.

...- w..

100, If the flange of the T—beam of $igure 14 were -
irifinitely wide, and all materials,iq?tropic ~ with:
Poissonfs ratio = 0,3, t-hen”fro~’”Karmants theory of
the effective width of w“id.eflanged beams, (reference 4,
vol. II, p. 5’7)

.

,..

““wal{& 2 ~x”= 0.363’1] = 0.363 ~ (41)

where [t] = .a/,m is the half wave length of,’mth~’.bepdi-~g
: deformation. , ‘..,

.-..,..:— *.”L ----
.-... . <.,‘.-.—,’--

, 101:. However; ‘;~h,i,s‘effective width inc!reasbs almost,”
diree,tly as the. rele.ti”’re”shear “stiffness and inversely

●

as the relative extensional St-iffness. of th~. flange (the
sheet in our ,case)”-‘-IIe.nce,in this case’ jh.g -effective.
..width ‘should be

,-:-

,.
., ..-. .. ..,

where” &“&b is “the shear mod~lys of t“he she~e>:in the .a
and b . ~irections - the factor., and 2(1,+ .0.3) represents
the ratio Es/Gab for the is:o’tropi.crn~terial apsqaed.,!n
equation (41). The stiffness of the rib (“tke stiffener
In this case} does not enter these re~ations -- as far as
this action is concerned the rib, acts merely as a means
of applying ex.te’nsibnal strains along the middle of the
sheet, From the derivation of equation (35) it can be

..

seen that Qc/4 = Gab, while Mc/4 = Ea/(l-Wa/e) > EaO,.,
It is ~herefore conservative to use . ‘ ..‘. , , —

___—

EQ~./4 ““.&ij :’; , .; ‘f,; ‘- ,. ‘-””” - --,“
.Wi =

..
rnMe/4=~:’.- “;--”t (43)

.
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.!

.“

The rule of equation (121) follows from this and the
obvious fact {hat the effective width should not be
taken to &xc&ed’ the dis~an’ce be”iween ”siif$eners bl,

102, During buckling-across stiffeners thtyre will be
an additional extern”a.1 work owing to the stress Sal
on the stiffen~rs, of

—

.

103. If tli6 energies expressed by eqtiations (37) {40)
(43), and (44) are added to those of (35) and “(36~, thi~
is obvio~sly, equi~a~ent to m:aking the changes i.+ Sa, M,,
D D* speci~ied .$LI“equations (la) anL(12t)
($~r~~d42”and 45). The chang~s sp-~cified in equations
(13) and (131), for the case of buckling across stiffeners
running in the b direction, can be derived in a similar
manner-

104* If the shape of the deformation were known, the
condition for buckling w“ould be simply that the work—.A.—. — --—
‘done by ext6rnal f“orce~”,“owing-to the deform~tion, is
equal “to the changa in inter~al energy, or v.

Since the shape is not known, various shapes s~milar tO

those observed in experiments must be tried by the
energy methoLand the one must be selected which- minimizes
either the totkl efi~rgy.chmg~ . ~ .- ~ .?r ‘he buck!in~
load (reference 6, p. 144). The displacement--normal to
the sheet will be assumed to be

w= ‘a + ~xb) s’in nnxb. .—. .“, (45)
a b,

where m,n and Y are chosento ~inimtze the buckling
loads This expression describes a wave form with half
wave lengths a/m and b/n i-n the a and b direc-
tions, and with node8”=parallel ,to the a direction and
at--a.sl.ope Y tQ “the b direction” (fig, 3a)0 This

*

.

.
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m
permits a close approximation to the shapes found experi--

tieptally in all the:cases .coyere@:bt the thqor~i -
,. -.. .. .. * :. _&&

As to boundary gondit~ons ”’~or’wi’”
-.

v 105. it will,.bi.’a8+

sumed tha+ the. noctes-.~f the ,de.formati~~ :al~aya coincide
as ~closely.,as pq$sible with some stiffe-ner~ tlia~”i~~’”’
that the deformation will be as in f~@re -15a fdr.buck~
ling between stiffeners, and as in figure 15b for buck-
ling across .q~izfqners. ‘.According%o equatian (45.)the
nodes cannot lie exactly” along stiffeners in”khe” % “
direction, but it is assumed that they do this as nearlY.
as possible, .stra~”dling the stiffener as “shown in figures
ga and 165 ‘.All,this ,requi,res that : m:,~amd, ‘n be whole
numhersl or.that a and b he whole multiples of .al
and bl. .

. . . . .+
.- .: r--w ,. . . .. . . . ..-.’

. .
,. * -.”....--

-’”THfi COi313CTIO~ FACTOR A’ ;“” ‘“ “=~;~~-
,,.,,..

. . - - . -.. .. ., ,, .-L““: .:=-.._t.:*2 &... . .~,. ..... -.,. .7
,.’.-, ““ --- .-—,=:. .=-. . . .......... n-. ---. *. . . .-.—:..

i06, ?or t“he case of bucklirig of the ytinel “he~wee>’-fi”~l-
the node act~ally do-es lie all,-,alo~g ,

. %~”%~d~f ~~ur~~~ a correct i-on‘factor- l:/h i’s appl~ed.’
to the buckling stress to allow “for-the $.:actt$at.~the

,, de.forrnation i-s not”:extictly “as descr~:be-d:‘b~ e-qpati”oq”(4~).
. ,..,Several things abdu~ ‘this factor can. tie.tolbfrom’g.eqe~.al

..reasoning; It :mus:~.gqu’al.uni,ty.ihentlie~,d>~o~e~~:k~’”=O. ,In
,general it m’ust He:gre”ater th”tih “one.(;or~ h m,must-.~e less

than. one) when”
—.—

Y ‘ is. ”di”~ferent” from: zer’o:,’=”~%ls can llb-
appre.c~ated by. imagi-ntgg first that the ,st$jf”fe:nek&. -along

stiies ;-b “.are removed; the buokling stress o%.ttiined-%y ~-
usl.ng equation (45)’ would be about corre”ct fdr this phys—
ical case. If, now, stiffeners are” attached along these
positions and their stiffness is’ increased”untll’ all lat-
eral; displacements-.along the~e” positions ar~ preven~e.dj
the’ resistance to buckling is obviotisly’@G~”. ‘,

..
107* This increase will evidently be larger, ..the,l“a”r~e~

d’ the slope y..* Also it seem-s “o%”tiiou,s.that”,jthe.rew$ll’ be
more increase, in a base such as showm at. (b),” figure 16.;
and less,lncrease for..a case such is. sho.~n ,at (c) than
for the cgse sho.wn..’at (&)” ”although “y ig the sa&,s .fqp .

all ,thesa :cas-,es.
●

There is’no, re~son *o. e?pe.c.fcas?s (!I
or’ (e) to require ‘a much”di.ffe~ent. cor,~p~ct.~.onf.ron.aas.e
Ja)’; howeve?,a it iS reasonable tO te”lieve t~at a case:”-

such as shown~+$+~uld require little correc~$,on. co~~ared
d to case. (a),..sinue\muGhless ‘readjus~rnerit,in.fherpos~~~~~

of nodes would be!n~dessita~edt “-”~11”tha~ti ~~d other .
,. .. .: ,;.!-,:..:...... ---. . .. .. .......

.,, ... . .

\

-.
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Rcommon senSet! reasoni.ng5 are 5atisfi~d .f.fit is assumed

that l/.A or~ is some function of the ratio to the

total area, of the area which would have to be swept
through in. moving.noses .from. the positions described br “ -
equation (45) “’to “.the.irtrue positions (or the areas shown
shaded in figi 16). -.

.—

10%, For the cases such as figure 16a, b,... and e this
ratio is

. (4-X 1/2 X b/2 X b/2 Y)/(=b) = :a

.
and A could be therefore taken as a function of bY/a,
It will be found that the reduction in lladjustment areall

which is possible in special cases, such as figure 16f,
is very nearly compensated fbr “~y dividing this by a
i’actor n}, plotted in figure 5a.

109* The” ~til.ues of A in the “left half” of–figura .5b.
were obta”ined by comparing the preserit ~thefiry with known 6
correct values for the buck~ing .of an. isotropic flat yanel ~
under shear. Near the middle af.figur.e 5%, wher~ ttie cor-
rection amounts to a good deal, the curve was drawn @ome- ,

what higher (that is, on the conservative ~ide) than $.his
.

comparison indic+ted, bbctiuse”o”f-th-~‘u-ncertRln$y tivolved
in using such r.,esults for other_ casese l?or small values
of bY/an:i” the >oundary condition correction Just diI+
cussed is unimportant, and the opp.osi.te.$end.en”cy of dnergy
method solutions to give too high a value for.the buckling
load becomes dominant, so that”’ l/A rises L llttle above
unity. It comes back to unit~ when. V and bY/an J are

zero, becaus”e the shape given by equation (45) then becomes
the exact solution-

110, Figure 17 shows a comparison between results obtained
by usin~figuie 5b with the present t,heory, and-the best
known values for this case. It will be seen that the pres-
ent theory iS probably about .righrt .f~r large y~lues of _.a/b,
which involve use of the left”most part of. figure 5b, knd is
quite conservative for small ”vaiues”””of a./b, involving the ~
use of points near the middle “of figur> 5b*

111* !Che right hand side of figure 5>.w6s Ecjgiervatlvely
extrapolated from the already conservative left side, re- ●

membering also that I/k shoutiot become rie~ative; it

,
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m
was included--for completeness, tiut it is not needed for
most praq$ica,l,.pr.~ble~?i, as the-cr”%.tic?.lcoq,ditions will
be iound to l.fe in the lef$ side”of this””fi@Y6a-”This .,

* correction factor is admittedly very rough; but a~’in-
dica.ted it gnly amo~ts to:as much as ,30 percent or so

L. in a feti.appl.icat<lotis;and “there is -”~-i~tle””doubk”that at
least that much is justifiqd for such cases,

.

11~. ~e”,mqs%~qowcomplq~~ ‘otii-expres–fqn.~,~or “the dis-
.—

‘placement. As pre~iously ’discussed~ zn-tha ca~~’of
curved shells, displacements in the plane of the sheet
mu.st,.be considered ,.sswell.as>a t~e gorma~ -d$rQctiono
Thbse will b6: as$ume~ to be “-:s F “ + -;.”:-=●-”:’‘~-

“!

.

b’ ‘mlT~xa + .yXb) ~in ~lTXb”
Ua = Ua -—” Cos ,

mnr .. a % “

o
7

(46)-. >---,..,. :-- ‘b” mxa.+ ‘YXb)”oo$f12~ ,
.“-..

y~ = Ubz sin.: ~.. .! ~,!. b— -.,.. .. . ... -. .:. -_’ _..—
., .,, ,., .,:_.

,“’; —’-. .-
,.

where” t’he q-u”hntlties “Ua u~;
——

and i.escr-iblng-th-e ma~
nitudes of these displacements, will be~determiried by
minimizing the energy. These expressions bear the same
general relation to the expression for normal displace-
ment (equati.~fi(45)) as. the <c-o.rrespohdigugn~xpressions
found in exact solutions of shell problems, and since
they permit a large reduction in the energy they must he
close tq the correct vqlue. The. boundary c,oqditions for
Ua an-d -u~” sp<ecifi”ed iri“th6 f-ir-st”””p”tift‘kJf“fh$s report

(part “$2.)”are“a-uto~atica”lly”sa’tisf5ed-.by u~ing”equa~iog
(46)a -,

.—

113, “E~qationq. (45.),,ar@~46) “can qow~e sub;t”i,tu$ed into
the expressioris (28) ‘and (32) for ca,,.,” ltai.. ‘and the
resulting quantities can be substituted into the expression
for total energy .change during the buckling rii.splaceme-ntc
Using the correc~$on f~qtg~ .N..&h~s_ energy change can ~ow

.’be ’taken as T – V ~,

{
Where l! an~” “V are given by equa-

tions (35) and (36 . By making theso substitution., carry-
● ing, ,out.the.,integ.rations~ and, simp~~<~img th$, t~tal energy

change is.,fovnd,.qqua,l,.to. certain constan t“${ctiore ~~fie~ ~... * .._

# ... ,. - s,.. .“ *..; “i ~..::. ,.,

.;l,.l,’:”!..::;:,,:,.:
....

.. .,:.,.:..; =-.J.&-&L-:;‘..*.:;
,,,..,..:- ,,,... --k -; , ~ *.,,.’ ,*.,.1

.,.’- . -.:. ...T..-”

. .

.- --=-—
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,,.

[ ~

.:. ..” “.. .“.

‘wa P%a +: (1””*””.B2Y”*)s~-+2@2Ys*

~.j:~,.--r: - :,:-,:

{.J - ~ @fwa= ~)”?‘,.. ....... ..
,. . . .. .. . b

+ NTJb.?(1,+ p2v”2)”+-:2x’~b(@ua- ““w) +“Qu~ p-(fJ-u\,+j“baj-.

a

+ Qua2 })
(1+ @“’y”’)””+2xu~pY( pub+ Zua) + 2YUJ!Y( ma- w-e

\lQn

[

. .

-I-Wz, Dl@a + Da (1+ 132Y2)2/@2 ~“”D~4~2”+ D4’(1. +“.P~~;)

1+ D.5(2~2Y3 “+.6Y.]_-I-.D~2BaY . (.47)

114. Setting the derivatives of expression (47) with
rt3Spt?Ct to W! ua . ,grnd ub equal to zero, eli~tiating

Ua and ‘b between the resul~ing three equations and

simplifying, results in the following expression (except ,
for the term Q,03 @4Cl, which has been added for reasons
‘discussed later) ‘

w

$%a+ (1 -1-$aia}sh+2fFYsB=E+ “ ‘
.,

[

~lP2Y2+Az(l+$2Ya)Ya+A3(l+P2?2j2/P2+A42P%3+A5uya+AG2Y.
C1(B2+o.03s4)+c2@ay2+c3-"(l+p%2)2/pa+c4(~2y.2.)+~2s~3+cGky2w7a+c=2 ?2y

()aax -- + ntpa; D2(i + 13wa/f32+ D3~Ya+D4(l” + saw *
rp. . ..:,-.

.

where .A,l.a.Afi$ C1.,~C7 have the valu~giveri in equation =
(5)(par. 25). This IG the-same equation as (7a) (par- 30) and
the value+ of

Saoo? A d (which are charted in ,
fig, 9) are as lndicat~~”~~ ~~~~~~onL~~a7)@ The added term
o.03p4 c1 has a negligible effect, ~n ~rdinary problems,

,
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but has been arbitrarily atLde.d.b.ecause i-t.w@s fo_unii._tO
great$y imp-~o.ve._th,e,accuracy’ in” such extreme. applic-ations
as the torsion-”of .lorigt“u’b-e-s-~‘ It .obv.ious.lyhas a c-onserv--–
ati~e effect in a“ny case, . .

11“5 . Case B- This case .is developed in @ maa~- similar ““
to case A and the result is the same as ~ivgn in. equation
(7ar) except that the numerator of the lo=g. frac-tion is—
replaced ~Y. ,---- ,~.-,---- - r----.

..- ---.

where 31.,0B6 also have the values given in equation (5)a
This then coihcides with, equation t~b)(par, 40) and the
values of bl,Qob5 are as indicated:

— ——..:

● ’ “-116. Figure 6, tised for determining Kz, needs ‘little ex-
planationo It may, be, considered as representing the re–
lations between the Euler formula and the ustial rules for

● designing columns in the .lg.ngand short ranges$ generalized
so as to ~e “applicable to any type of stability pro~lem-c
Using the broken Zinc’ marked llideal~~is equivalent t’O
using the s“tr,essat which bucklipg wo”uld theprefica”lly
occur,, or the stress at which yielding of the maie–r~al
would occur, whichev~r is the smaller. The horf~ontal
part of the line corresponds to the range in which buck-
ling occurs first, and the slopin~ tc the range in w-h~ch’ “
the material ,yieZds first.

117. The other lines allow for the fact that partial fail-
ure of -the material between the proportional limit and the
yield point (whioh can be considered for the present pur-
pose to coincide ‘with the ‘“compressive strengthll for wood),
as well as initial crookedness and other equivalent im-
perfections, all reduce the ideal strength, especially
when the structure is near to both types of failure+ The
curve marked ‘good construction~ follows closely the short
column. formula given in reference 1 (y, ~Q) except for more

#

allowance for the effect of imperfection% in the long CO1-”

umn range, The curve marked ‘rough construction!! is close
to scme of the more pessimistic column formulas. Most re-
liable strut tests fall between the .tw~ curves,

. .
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118s ‘l?i&ure 7, used for obtaining Ka, is “an attempt
to consi~er the fact that teaks on metal cylinder8, ee-
pectally under “axial compression, have always shown large
ileviations from theory. This is true even when the buck-
ling stresses are far below the proportional limit of the
material, so that the cylinders are far Into the ‘l~~ng.
column’1 range, and “the factors considered in figure. 6
afford no explanation. The experimental strength varies
from nearly 100 percent down to 20 percent and less, of
the theoretical, so that blanket reduction factors aro
hardly practical. To ~evise a reasonable way to. !31.10w

for. such dis~r”epancies” under any and all condition~ re-
quires some understanding of the causes of the phenomenon.

lpa This question has long been controversial but a
r.eas.enable e$pl?ne,tjion has recently been made poeaibla by
researches of Karman and Tsien (reference.7)- although the
explanation suggeste~.by these authors does.not in itself
seem very satt.sfactorye If $he.load Q.n a liporfehtn strut
Is plotted against its lateral deflection, as shown in

figure l%a, a horizontal or slightly rising line after

%uckling is ~btainedo Practical struts. with initial de-

fects give curves” which ap-preach t“his- horizontal line more
or less rapidly, depending on the amount of initial curvat-

ure or other defbota Yieldlng eventually occurs owing- to
the combination of direct and bending stress, and the curve
breaks dowriward”~ the load at this point measuring about: the
maximum resistance, This “gaximum resistance, for strut6
which ar6 not close to yielding when they buckle, is ob-

viously not much less than that of the perfect strut, and

depends but lJ3tle on the magnitude of the inftial defect8*

120* on the other hand, K~rm~n and Tsien (using a large
deflection theory which it would le impractical to qpply
to our general problem) have shown that a compressed per-
fect cylinder behaves, as shown in figure 18b, offezing
tihesame re6.istance at first as is indicatsd by conven-.
tional theories such as the prese,nt one, but wfth ra~idly
fallinq resistance as the deflection increases- Comjjarisoa
of figures laa and ltib makes it evident “that a practical
cylinder with init-ial deflgg~t~m~.st behave.as is indicated, *
and will have a-m%-x-iku-rn”resistance w~ich i.s ~uch Jesq than
that of- t~e perfect cylinder an~.which Is very th~endent
On ihe magnitude of ~hs in$tial defects, even when–~~el~b
ing of the tiiateriai occurs~

t

121. This conclusion that &he redtic”tion in strength depends
principally on the initial imperfections in shape, sugqests
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first that th’e reduc.t$-on sbowl-d.@@..a..fun~tfog of the. .-
radi’us thickness .rati9 :.r/t.-~a,s:it is .w91L known that .
&uch d’efects are relatively much greate> .$n-v~r-y thin
cylinders (reference 5, p. 7). It is also logical that
the redtiction. should be. a,.funet$?n. of the .t.s~.?lnumb~r
of buckles: over. t,’he:surface of the fipecime% m n because
the .o’han”ceof ,..Lar.ge.$gperfecti, on.s .of ap .uqfaeypra~l.e shape
being pr.ese,nt-eyed,.an area co.rrespo.ndfng t+ some: o?; the
buokle’s ohy.iOUS:lY .in:qrea.sqs.w:~t.h-t$p,:-to’t”~~.~nmr of buckles
which may.o!ccur.:. :...:,- ‘, : .. ~: ., ;Sj.-. -.:..,

.. .

...,.:.......~, .+.
.—. .

..:1..“; -“l~,:.”.:?..;”,..:...-----“.. ;-L.,-- “--
122- ‘J1igu.r.e”~l;$LV,S:b.OM*.the rather r.ema;~~-11~..0.06~dinat~-~n ‘“ ‘“--
of all the available test results on cylinders whioh it
has been found possible to achieve on this %asis, The
vert ical coordtfia.te’s:::ot’.the-y~.o;inis.,,re~xe.:s.~”tthe ratio
between the experimental strength tind“the strength as
given by the present theory, while the horizontal co– “-
ordiqat:es ,.dti.tic.a.loulat:ed.fr,om :~h.ac.ritd:cal.. m ,Rqd ,n . ‘‘
pqedicted. by the theory. ::!l!herei-s s$ill a “good ~dea,l:of;
sc~tter,, .btit:t~-e~e..o.byiCJ’q@lymast, .,~e:..in~chscat.ta.rin the

.
.

.ocdug.ante ‘of un?av’e%, ablq d,efects ‘in..s~ape,. and. the scatter
iS le~s. than ,~as e~arr .be.fore b.qen ob.t.ainqd..i.-~attempts :to

,Cca,9r&dipa$e”such..tes_tresult q, . ,. ...-.,:L...”=..’::=.L
,. _::..., ..-, .- .. . ....z..-,.! ..’ ..~w...

123.-”‘!ihe”:~y,~-cuqyes ~~~ .figur,es .7 ‘~~d-~19~~8pgqs8nt thi~.......
mtn~mum-a@ ~nqq.rlminimum -qf ,thti”,points ~,,,.~f ari allowance.....
for :&cat.ter .i,s ma,~e i-g s~lect$nglthe “modqltis,~’~f-.eiastiaity
of ‘the ~qt.erial,, as,.d+scussed ..~npa;ag$aph 16r and-~,~f-~$t
is cons$d~~ed ,that. a :gpo~ qqny q: “the,:unc$;~ai+~ie~ ,which
genera>. factors of. ,%afet~ .?~d~na$i~y ha~e tomcO~e< ar+Lbe-
ing separ,atel~. allqweii f~~,

.......W
~ti sgem~ ,cqqse~;at%~~ .~o use

the good coqstructigg Curvqsvof .bo-~.h.f~gures .6.qnd -7 for
.the design:of aircraft .structu?es. .: .,..-, -..“Y..._. ~.-

., .,’;”’-. “r; ’-- .

124, The method presented (par, 53) is a rough approxi-
mation, which is advancad as ~beipg quite praottcal t,”ouse, ‘
and, since it gives reasonable results even in”extieme”
cases, as being gre.atl.yp’re$erable to “th”e common practice
of neglecting edgs fixitie.s or .gue-&sing ht’t’heilr-effec~s,
St makes the assumptiofi that the effect of f~xity along;
say, the edges a can be approximated by a suitable modi-
fication of the. bending -stiffness in the &irec~~on .perpen- ●

dicular to these edgesm This aSsumpt30& se6rns basically
logical if it is considered, .for’ instance, that such edge

,, -.,,. ,.”

.
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fixity” wouid”.ha~e. no, effec~ whatever if thi’s bending
stiffness happen~d ~o, ie zero,:no.matter what the._other
st’iffae,sses~were’,1 , . . .. ‘. , *’. .—. ~ _ _ :_. __ __ _.. .. . . . .—-., ..:— ‘.

- i55*.-.

~he-=;thod”was derived by experimenting wfth various
ftiridt~onp.which ge~eral :qx.pe,riepce indicated to be reasoa–
able, or which ,wer.esugges.te.d %y approximate 9Qlution~ of
sirnplifie,d‘cases;”“ind has been @heeked by comparing it to
various special known “solutions, SinGa its justification
depends entirely on these checks, and “eince they should
cov%r the hinge,d,a.s,w~ll,as ot~e~ .ed.gecortditibns~ they
are ,disousssd .All ~ogdther iq.the :Zollowing se’ctiont,. ,..- ,,,. ., “* :, z-.,”-L-:-- .!

, , .. ‘.,’

. ‘.““ . ..-c“imctis. Wrii”””mmmou”s&Ii3”0RIEs.,
. .

.,.,$ .-.

126. First compare results ob.tai.ned from this theory .

(without the factors .K1 or. Ka). with previous theories,
in the range’s”for which th”e latter app”l.y, Most previous
theories for” anisotropic plates or shells neglect I?oisson!s
ratiio effects and make other @Assumptions whose geqeral va-

lidity is uncertain.

*

Henee, the only anisotropic theory
for which,, a .comparisop will be made is that of ‘reference 2?

which gives. the stability conditions for flat hingsbedged

plywood yanels tinder .combinations””of shear arid compression
5

in.one direction. It is reassuring that the present theory,
,although~~brlved independently; co$ncides exactly with this

thebry,.for this case-when thepanels’ are of infinite length,
Th-e, following, t.able ,of equi~alent notations is given for
con,venie”ncq $n, comparing, the two theori~s, “’~The previous
theory is an approximate .energy so>u.~ioq”. stm.llar to the
present ,one, but its ‘method of taking-care of the anfso-
tropic elastic properties of the sheet is entirely rational;

this iS, thereforei-an exce,llem.t oheck an this phase of the
present theotiy,’

..- .
.- .... . . . .----- --- ..-

“~-e”fe,re”n~e2 a b. h “~ “Q ‘Y pcr .qcr ~~ 1?2 ‘A ‘1
..’,

.,, ,.,,. .

Present theory: ‘3 a/Rl t l/p” :-Q v :,sa Ss
(n=~) ~~~ :

CE DE HE/2
. ...-. ..,;“.,.: . :,,, . .

., . .

12?, ‘T~d’p~k$ent~ theory differs from the previous ”one in
the cofirect’~oli$or:~he fi.n~te ,~e~gth of the panel.’ Tlje
pre~+n.t rnethod’doe~”this by ’requiring the number of half
waves m to be a whole number- and uses a correction --,- — ,——

8



.
factor A only for the interference with the .an~ul~rit~
of the waves at the panel ‘6h~s. The method of reference -
2 assumes first a wave length the same ai for an infiqf.t21Y

+ long panel, and corrects (for the shear stress oniy) for
the interference -with both the angularity and this lcngt.h
of wa’ve, owing to”the pati,elends, by a factor ks/(ks)e;;
this simplifies the method, bu’t thi”e’kimp’li$icat ibn cotild
not be used.iri the gene.~a~ application. of the present “
theory in any c~.se, , ., .. .: ..... L: .. . -..:. : , ~ ..-: ~

,,

128- hither-checks can be obtained with-previ’ou.s theories
for isotropic plahes and ,shells, For isotropic sheets,
equations (4itio) ad ‘(5) :(para 25). inserted in equation
(7a7) gtvef’crrthe.case A and hinged edges: ~ ‘ __,

——.

. . ,...,., .“, ::.’: -.,
,. ., .,

,24~+)@2Ya+4wa(i+P,%2)Y2+4(1-@lT@%5)2/P2’ :: “g”-. ‘+” 01— (7iso).. @+~.o#q”(l+ti)~/(2+)1 sw7+(l+py>]a/Pa+~(~+~2~a) .rnn. :..= . .- ._._ ,., ... ... ,.
.. . . . .. . ,. ...,-. -,-, . ...:. ,, . . .

. :-”- - . . - : : -. L . ,-.. . . . . : .....-. --z: + -.-.-. .~i, --. — .- .”:--->,.,. ,, ..-, - . ; ., . .. . .“; .”..?
..129. ~o,r the casejof .a’cyl.~ndqr $ri t.ors.ion .Sae:S~”~’O~

k=18- Selecting Y, m, . and n (n alwa~f3 SQuale iii
such a case) to minimize SS9 and assuming ~ .= 0.3, -the
results in table V are ””obtai.iieds””If~tlie.ettgesj~~ th~’ &nds
of the “cylinders are fixed; tlie~from ,e’q-uatiori(“15a) (par.
53) Aa =~; Aa = (n.+ l)a/fi8 = 4~”””atid”t”he”long paren-”
thesis ”-in”the.above e@ation is chtinged fb “““’ ““,.. .,,. . .. .-.

,.
Agaln=se_lecting .

,.
“f .aqd ti,,._tomiqim,iz6 5_,.results”.Which

are also shown ,in t“h”~tabls,:ati~ obt,qin6d. Table V also
● shows the results oht”airied.w~,th ;thq previous theory (refer—

ence”5) for,-the ‘sa’me”cases. l?or IOng-.cy’lin,ders t-he“cor.rec–
tion for edg~ f$xit,y-evi~ently h,ab;less8ffect t.han”it...

,-“should ‘have, “but the”,e:f~e”c”~.i”s‘~ot very $fipdria-p~t-h’6r~,.J
—

.? . . ,r,,=- ~..-

.

L. ..__ _
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130. l’or the case of a cylinder under axial compression
sa=s~=o, k=le The minimum Sb is obtained in this

case when Y = C) and m and n are fn general both
.peater than one. It can easily be-shown that the present
theory checks the ~classi~al~r theory~exactl,y for this caso
except for the term 0m03~” Cl (0,03~ :.in equation (Yi~o))

which has only the slight effect “hp.r.eof reducing. the valu~3
found for s~ by a fract-ion of 1 percent- ~here is no
exact solution available to check the effect- of edge fixity

in this case, but the correction &or edge fixity o~the
present theory has little effect in this case unless the
cylinder is very short, which is entirely in accord wfth
test experience, !

., .
131. Similar results are found in comparing the present
theory with known theories fprthe buckling of Curved
pansls under axial,.compressiofi. All these cases constitute
a good check of the treatment” of the effect of curvature
in the present theory,

132- I?umpfious s’blutions for the stability of isotropic
flat panels are available for comparison. For this case
r =m a= O and the condition for stability reduces to
the first linq alone .o.$equation (~i~ti)o The curves of
figure L$ show the””results -of app”lying this equation to

tha case of shear on a hi~ged-.edged panel, compared to

known solutions, A similar check is obtained for the
case of shear on an infinitely long panel with the long

sides f.ixeda fio exact ~olu~i-on iS available$ far compar–
ison, for a finiti panel with fixed edges.

.*

●
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133, Figure 20 shows a ~~ornpa.r:i.s,~between the Present
thenry and the exact (.r.eferenc.e S.,-p. 168-).for coml?re-”
sive loading .of va~.i,o+usihapqs o-f.~a.nels , under Various
extreme edge cond.1.t~>~~n.s.The curves ~,-extended. beyond
the range in wh$ch.. ~ >: b, as”.sufih.a .limi:tat ion “is not
necessary ,for .tfiis,.p.ase$ T,he~e .c:asesof panels under ““
widely varying. condltdo.ns o“f”,”loa~i,zig,‘cage ffxity~.and _.
proportion s.,with” max”imum errors. cif.20 percent ,ori”the ‘“
cons e’rvat”’ive‘side tin”dLO percent on the unconservat ive
side, re~r,esent,,.a,r,~as.enable check- of the present t~eo7Y rs
treatment of .p.~qel,si”z.eand”,c.=ip.~mete~edge fixit Yo.,. .,., ,- +- .,. .. ..* ..... ___~ -d..,_ .,-

..,-_._:.:..
.—

.;..,.J_.. .
1340 ‘~T’h’e.““t”~”’e’at~”~ri,t“Qf f $.xiti.es.~nier:med~-a~= he”tween, --
zero (hinged) and comp~pte., fi.x,ityk,,and awing to the .

—

torsional stiffness ok the member to which the panel .’
edge is atta.chedl can be checked against a solution by
Dunn (reference 9). Yigure 21 shows how the results
obtained with the present theory compare with this pre— .
vious theory for the case when a is greater than b,

. .

and for various ~rsional stiff nesses of the side members..—— — .—— —
The case considered here is that of several adjacent and ““
similarly loaded panels, as ‘in semi-monocoque construction,
so that the effect of each side member is divided between
two panelsa .-

1350 The treatment of ‘intermediate fixities owing to dis-
tributed elastic ~sistance to rotation can be checked ““-—--
against t~case of~~~ ‘with eiasticiiiiy ”cltim”p”e””dends.
A very long flat panel, under compre6Gfon Sb in the di-
rection of the short side is under the same condition as
a strut, except that the ~lplate modulus!! E = E/(1 - pa)
takes the place of Ea This is the only kihd of buck
ling of stiffened @anels which is considered in reference
1. Figure 22 shows the results obtained with the present
theory for a simple isotropic panel under these conditions;
compared to the exact solution. A similar check could be
expected for plywood and for stiffened panels if an exact
solution were available for comparison,

-...

EXPERIMENTAL CHECKS

136- Figure 19 affords a comparison letween the present
theory, with the correction factors RI and k= and
numerous tests on cylinders. Unfortunately tests on panels ~
of metal or plywood have almost all been made under indeter—
minate edge conditions, and also practically all available



reports .on t“ests crf ..plywaodpanels ~o.r..ey~nd,er.e are ,lac15-
in.g in.“~ome ‘of~-the.e.ss,ential .datas”’ ~%s:ba ‘Ou plywoo.,cl coZl-
struet.ions unde,r. :determi.nate condlt,ions ar,e gc,eatl.y
needed. Figure 23’.suggests a me.t,ho,d.of .$.e:sting w.h,ieh
would permit the:tiondi.tions of, ;ths sheet: to ,?z.eknown and

to approximate- those in semi-monocoque const.ryct.ion, and
w,hich would at -the ,s.am.e.t.i.me pe.rm.lt ..the res.i.stance -0.L the

“sheet * be isolated from :,that ,of ‘1ongitudin,a.1 stlf.feners,
. . . . -h,.

1“37● The tests cif plywoo-d cylinders included in figure

19 are taken from the most .cgmplete reports .av~i.lable, but
some of the data wsre uncertain even in these cases, This
quite prbesitly accoumts..f~r :the greater ~q:c.a.t.tewr:in ,thqse
tests compared to m~tal ‘cylinder s,, ..
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,.. Eaw I 7~a.7~c~ I
Stress Positive positi 7~ Row.-ez .-.

I

r.z+~fitiv3 Negative

combination shear shear ard swn l&Prt e@. shear

compres~ion ~ Gqti[,va:.nlbn

‘theor stab
i

(circles, fig. llb) 3160
1440 2120 I . 1!370 4!320

Smat strength
(S,s0par. 79)

3400 2000 2300 2000 3400

‘theor stab

kat strength
0.93 0.72 0.92 0.94 1/0.71

Kl (fig,6) O*E% ,0.96 0:s9 o.t37 0.66

Critical m 3 2

G:& ‘ :22” ‘- 0:4

Kz (fig. 7) 0.90 0.91

‘pract stab 2500 1240 1700 1460 2g80
= K1 K2 ‘theor stab .
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9!ABLSIII - T’@Od T.dNiM SOhltiOIi or Cane A ‘ mobh+a

(Usesim.ilm?form .fw OaSe B ‘ pr.blamsoxoq)t-t
B,, B2--,b,, bt--,B’are mb.stituted for Al, As--a e,# at--j A’.

a(m ■ L) 24 2; 3;
a 2

9.7 12.5 12.5

JY 10.3 L5.2 3.3.8

P.mk M .Q9 .58 .39

r o .25 .50 !75..0 .25 .50 .75 .Q5..50 .75
A,a, = 1. 0 a, o
beg ~ if$5a~ :1 :2 i !1 :; :;

. A1U3 23!0 2>:; 24% Q5:~ ~S!T “6;~“ d 8.1 12.512 .913.515.0

~ Aiq. - A’ 23.0 23.6 24.2 e6.o 5.7 6.2 ‘7.1 9.0 12.5 13.o 13,8 15.6

3’
.2 .1 .1 .1 5 .5 ‘-

$:2 : $1; :Z
;?” :3 ..2 .s! .2 .2.

.1 .2 .1 :3
25% “25!826.2 2$ ~ .,.2:36“8 7“? 9:; 14!014!415:316:;s 9

x Ofoi● o’ 25.625.926.42~.3 6.8”7.4 8.310.2 14.214.615.417..Q
,

(*)’ . (+)’ . @
.-

22.4 .90 202”

‘D#o ■ M’ do 20.22ot420662oi6 :: :? ?~ :: 1:: 1% 1:* 183

~>~j$~:l’ ;$ :; ;:g $: ,; ,:; ,% ;:
1? 1? $ iib a . . ,..

Did& 143 146 150 158 121 U5 13? 146 271 277 282 2*
(D54~ ,%4) m -.178(d+ ) o -,3 -,6 -.8 0 6-.3 -. -.9 0 3 6 -.9

;~: “
■ D+ 149 ;:7 - 125 1.31~~~” ‘-
= D- 14; :g ~% ~u’5133-

;~r i!!i”a94
271 277 283=296-

~E/looo. lj@* . ~ .086 066 .“039.~ --- ..- . ..
sD+=S+ 8

.—
12.3:;;6SO ~j . . . .10.:7 .2?:2 .32 LsD-~8-

io.~ 10.711.3lQ.5 “’ 10.B fi.“o-li.-
1°”610.811.1u, z-

Sn 0 .04 .08 .12 0 ,17 .33 .51 6 ~W Ii~-ji2

(1 + ‘~)~b - 1.87 ~b 1.87 1.89 1,P2 2.00 1.87 1.94 2.05 2.24 1.87 1.93 Q,W 2.05
1.87 Sb + Sfi 1.87 1,93 2.00 2:12 1.87 2.11 2.38 2.75 1.87 Q..OI2.15 Q.27

Eq.Foa.2hear
& Ompresaioamoo s+/ 1.67%+%)
Oompremmdlooo [

6.6 6.”5”-6.4 6.4 5.6 5.1 b ;
2+/ 1.87%) 6.6 6.7 6.7 6.8

Eq.Meg.8hahr
5.6 5.5 5:~ ;:Z H ;:2 3:; 3::

& Omapramlon/1000 2-/(1.87~+ss) 6.6 6.6 6.5 6.5 5.6 5.1 4.8 b.ti 5.7”5.4 5.2 5.1——
.
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2ABLE vi’

Equal Nega-
negative .Mm
shear and shear
compression

4600

oppres-
sion

‘theor -stab
II(cficles, fig. 12) .

4500 5500

%at strength 2000 2300 2000
I

-P
Q

;

‘mat strength
I 1 0.44 0.42 0.43 I

K1 (fig.6) I Q+--0.43 0.40.

‘theor stab
(compression O-nly)

I

24000#“:5x17mooo
342000

s&5 .2s
4

a360023500

‘mat strmgth

(reference 1, p. 14) 7000

=4=
0,29

o.2g

o●3O

0,29

0.25

KI (fig. 6) 0,24

24,1Critical a, n I

0.15

K2 (fi:. 7)
t

0.94

F ract stab
= g Ka ~theot;stab 1220 1240

‘pract stab
(from table II) 250c 1460 [ 2mo1240 1700
‘pract st b
(criticalY I 250c 1240 I 1220 I 211%01220

..... ..... . .. . .... . . ....— .—— —— ---.,. .-. . ..... .. .. ---- .. .. 4-: . .

.

---



PIACA TeGhmica[ Nof~ No. 918 F;qs.1,2,4
.

4

(Q)

s s.

ElEI!l.-
J;ed q?”. %.

%7x J%*
. (-3)
F/sure f

l!!)-.
s

*V8

sInu*.

///////////

///////////////1

72

7?2
P paad

(0” 2 4 6 810/P/+ for @.)

(u)
(b)

F/gure 4

.A. .

(c)



NACA Technical Note No. 918 Fi’gs.3a, b

(?>45
tan’1 T i8 angl%
&etw88n wuve _---— —— ‘—--h

.— Z&cknesS=t

Pu ofl”a/
unwsure
“#s* over

panel (not

tan ‘f~ Is angle Nodes of s’ Q>h
ha+ween wove

wu ves
}.

~h~kkn ess = t
/

47490 an
Ionw Cm3’

rudl”u/
f?reau L/#-e

‘+ Sd over
paneJ (no+

(p Qs>yl’veus SAOWr?)
F/vure 36



NACA Technical P40+aNo. 918
●

Figs. 5,6,7
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